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Abstract
Studies of wealth inequality often make the ergodic hypothesis that rescaled wealth converges
rapidly to a stationary distribution. Changes in distribution are expressed as changes in model
parameters, corresponding to shocks in economic conditions. Here we test the validity of the
ergodic hypothesis in an established model of wealth in a growing economy with reallocation.
We fit model parameters to historical data from the United States. In recent decades, we find
negative reallocation rates, i.e. from poorer to richer, for which no stationary distribution exists.
When we find positive reallocation, convergence to the stationary distribution is too slow for
the distribution to be practically relevant. Inequality evolves because the distribution is inherently unstable on human timescales, irrespective of shocks. Our analysis is informative of net
reallocation in the United States economy. It does not support use of the ergodic hypothesis in
this model for these data. Studies of other models and data, in which the hypothesis is made,
would benefit from similar tests.
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Introduction

Paul Samuelson identified the ergodic hypothesis in the mindset of neoclassical economists, defining
it as “a belief in unique long-run equilibrium independent of initial conditions” (Samuelson, 1968,
pp. 11-12). Traditionally, this equilibrium is studied and the transient phenomena preceding it
are ignored. This approach has significant advantages: it makes models tractable and simplifies
analysis by confining it to steady states. As a result, the ergodic hypothesis is made widely. Here
we present an empirical test of its validity as applied to the distribution of wealth. We find it
inconsistent with historical wealth data from the United States (US) in our model.
Economics is often concerned with growth. A growing quantity cannot be ergodic in Samuelson’s sense because it does not tend to a steady-state value. Naı̈vely, then, the ergodic hypothesis
seems an inappropriate modeling choice in this context, ruling out a swathe of analytical techniques. Although rarely stated explicitly, a common strategy to salvage these techniques is to find
a transformation of the non-ergodic process that produces an ergodic observable. If such an ergodic
observable can be derived, then classical techniques may still be useful.
Studies of wealth distributions employ this strategy as follows. Individual wealth is modeled as
a growing quantity. Dividing by the population average transforms this to a rescaled wealth,
which is hypothesized to be ergodic. Formally, the distribution of the stochastic process for the
rescaled wealth is assumed to converge to a unique and time-independent distribution. For example,
Benhabib, Bisin and Zhu (2011) “impose assumptions [. . . ] that guarantee the existence and
uniqueness of a limit stationary distribution” (p. 130). Similar formulations appear in numerous
models in the literature.1 With their models thus constrained, researchers can focus on analyzing
stationary distributions, e.g. to examine the effects of shocks in policies and conditions encoded as
changes in model parameters.
Treating stationary model distributions as representative of empirical distributions implies an assumption of fast convergence, i.e. that the actual distribution approaches its asymptotic form on a
timescale shorter than that of relevant changes in economic conditions. For example, the top rate
of income tax in the US was reduced from 91% to 70% between 1963 and 1965. The next major
change occurred two decades later, in 1982, when it was reduced to 50%. In this example, convergence would be fast – and distributional analysis useful – if the model distribution approached
its asymptotic form after, say, 5 years. Convergence would be slow if this took, say, 100 years.
Atkinson (1969, p. 137) argued that “the speed of convergence makes a great deal of difference to
the way in which we think about the model.” It determines the practical relevance of the stationary
distribution (Atkinson, 1969; Cowell, 2014).
Recent research has moved away from studying the stationary distribution in isolation. Gabaix
et al. (2016); Berman, Ben-Jacob and Shapira (2016); Kaymak and Poschke (2016); Berman and
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See, for example, Stiglitz (1969); Bewley (1977); Piketty and Saez (2013); De Nardi (2015); De Nardi, Fella and
Yang (2015); Jones (2015).
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Shapira (2017); Benhabib, Bisin and Luo (2019) study the dynamics of wealth and income, as
well as how they are distributed asymptotically. Some of these studies consider convergence times
(Gabaix et al., 2016; Berman and Shapira, 2017; Benhabib, Bisin and Luo, 2019).
There is, however, an elephant in the room. To our knowledge, the validity of the ergodic hypothesis
for rescaled wealth has never been tested empirically. Here we present such a test. For the test to
be meaningful, a model is required that does not assume ergodicity from the outset. It must have
regions of parameter space (“regimes”) in which the ergodic hypothesis for rescaled wealth does
and does not hold.
The model we use satisfies this condition. We motivate it with a simple accounting framework,
similar to that of Meade (1964), in which wealth undergoes noisy exponential growth. We add
to that framework a wealth reallocation mechanism in which a fraction of everyone’s wealth is
pooled and shared. We call this model reallocating geometric Brownian motion (RGBM), noting
that several authors have arrived at the same model independently (Marsili, Maslov and Zhang,
1998; Bouchaud and Mézard, 2000; Liu and Serota, 2017). It is a minimal model of wealth in a
growing economy whose participants interact. To a first approximation, the sign of the reallocation
rate parameter determines whether a stationary distribution exists: if positive (corresponding to
reallocation from richer to poorer), then it does; if negative (from poorer to richer), then it does
not. To our knowledge, no detailed study of this model in the latter regime exists.
The model is known to reproduce several important stylized facts. When the reallocation rate is
positive, the wealth distribution converges to a stationary distribution with a Pareto tail (Pareto,
1897; Vermeulen, 2018). Larger fluctuations and slower reallocation lead to a fatter tail. Typical
fitted parameter values are consistent with observed tail indices. In the positive reallocation regime,
the model also predicts a negative relationship between wealth mobility and wealth inequality.
We estimate the model parameters using three different datasets of historical wealth shares in the
US population, based on: survey data (Bricker et al., 2016); estate tax data (Kopczuk and Saez,
2004; Saez and Zucman, 2016); and capitalized income tax data (Saez and Zucman, 2016). These
estimated parameters – and not an a priori assumption – tell us whether a stationary distribution
exists in the model. We also evaluate convergence times, when convergence is possible, to assess
whether the ergodic hypothesis is useful in practice.
Our findings show that the ergodic hypothesis is not validated empirically in the model. The fitted
reallocation rate is not robustly positive for any dataset we analyze. Indeed, for one dataset we
find it to be consistently negative for the last 25 to 35 years, depending on fitting method.
We cannot overstate our surprise at this finding. We viewed a model in which individual wealths
grow independently, i.e. with no reallocation, as an extreme and unrealistic model of an advanced
Western economy with social and political institutions and infrastructure. We expected to infer
consistently positive reallocation rates from data for such an economy. Indeed, our aim was to
quantify these rates. Now we find the opposite: that, from the 1980s to the present, the US
economy is best described in our model as one in which wealth is systematically reallocated from
2

poorer to richer.
Under the fitted parameters, our model predicts that poor households accumulate large amounts
of negative wealth. While seemingly unrealistic, the existence of large and growing negative wealth
in the lower quantiles of the US wealth distribution is now a present-day reality. The cumulative
wealth of the poorest half of the US population turned negative in recent years. Furthermore, the
wealth required for an individual to exit the bottom wealth decile has been consistently negative
over the last fifty years and its magnitude has grown exponentially, going from −$3650 to −$16500
(in 2018 US Dollars) between 1962 and 2012 (Saez and Zucman, 2016). Thus, the model prediction
of large negative wealth under negative reallocation accords well with the empirical evidence. In
contrast, models of wealth distributions, which include random idiosyncratic shocks but which make
the ergodic hypothesis, may be incompatible with this prediction.
Some datasets yield reallocation rates for which a stationary distribution does exist, but with
convergence times of decades or centuries. Whichever data are used, our analysis does not support
the ergodic hypothesis. To validate the hypothesis in our model, we would require fitted reallocation
rates to be robustly positive at values implying fast convergence, which we do not find. Similar
tests of the ergodic hypothesis in other models are an important check of their validity. Without
such tests, it is unclear how to interpret model-based studies of wealth distributions.
We also extend our model to treat explicitly additive changes in wealth, akin to labor income and
consumption. This allows us to ask whether our finding of unstable rescaled wealth is an artefact of
an underspecified model which excludes additive earnings. In principle, changes in the distribution
of earnings could drive changes in wealth inequality. In practice, we find that earnings do not
explain adequately the observed instability in rescaled wealth.
Our contribution is twofold. First, from a theoretical perspective, our paper is a general contribution
to the modeling of observables with distributions. We identify a modeling assumption, the ergodic
hypothesis, that is made widely in studies of wealth and income. In an established model of wealth
in which the hypothesis is not made, we find that historical wealth data from a large and developed
economy do not support its use. Specifically, we find negative reallocation rates, for which rescaled
wealth has no stationary distribution, and small positive reallocation rates, for which convergence
to the stationary distribution takes too long for its analysis to be of practical use. We do not deduce
from this that the ergodic hypothesis is unjustified in other models and for other data, but we sound
an alarm. Studies using models in which the ergodic hypothesis is made at the outset would benefit
greatly from empirical tests of its validity. Validation would provide reassurance about findings
made and policies crafted. Failure to validate would open the door to new analyses, enabled either
by relaxing model constraints which impose ergodicity or by finding new transformed variables for
which the ergodic hypothesis is consistent with data. Our study belongs to a growing body of work,
which has come to be known as “ergodicity economics.” Asking whether observables are ergodic has
yielded insights in various sub-disciplines of economics, see (Peters, 2019) and references therein.
Our second contribution is specific to the model and data used. RGBM is an established minimal
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model of wealth in a growing economy whose participants interact. For positive reallocation, it
generates stable distributions of rescaled wealth with Pareto tails and realistic levels of inequality.
For negative reallocation, it predicts exponentially growing negative wealths which accord well with
recent observations. We are unaware of other studies of RGBM in which negative reallocation has
been considered. Our finding that recent US wealth data are best described in RGBM by negative
reallocation rates, i.e. from poorer to richer, turns our understanding of the dynamics of wealth
distributions on its head. Quantitatively, it provides parameter regimes in which rescaled wealth
distributions are inherently unstable. Qualitatively, it suggests that social and political institutions,
commonly assumed to reallocate from richer to poorer, may not function as we imagine or that
their efficacy may have eroded in recent decades. Both insights warrant further study, for which
RGBM may prove a powerful tool.
The paper is organized as follows. Section 2 describes the model we study in this paper. In Sec. 3
we discuss the data used for the empirical analysis, detailed in Sec. 4. We conclude and discuss the
results in Sec. 5.

2

Model

We call our model Reallocating Geometric Brownian Motion (RGBM). Individual wealth undergoes
random multiplicative growth, modeled as Geometric Brownian Motion (GBM), and is reallocated
among individuals by a simple pooling and sharing mechanism. Thus everyone’s wealth is coupled
to the total wealth in the economy. We view RGBM as a null model of an exponentially growing
economy with social structure. Its three parameters represent economic growth, random shocks to
individual wealth, and economic interaction among agents.
We note that models close to RGBM, in which agents face random multiplicative idiosyncratic
shocks have been widely studied in the context of economic inequality.2 Such models have various
theoretical justifications in the literature, including different saving tastes (Piketty and Zucman,
2015), investments in human capital (Gabaix et al., 2016), and returns to wealth (Bach, Calvet
and Sodini, 2018; Fagereng et al., 2020). Here we focus on the properties of RGBM related to the
ergodic hypothesis to provide an empirical test for its validity.
RGBM has both ergodic and non-ergodic regimes, characterized by the sign of the reallocation rate
parameter. Reallocation from richer to poorer produces an ergodic regime, in which wealths are
positive, distributed with a Pareto tail, and confined around their mean value. Reallocation from
poorer to richer produces a non-ergodic regime, in which the population splits into two classes,
characterized by positive and negative wealths which diverge away from the mean. If the reallocation rate is zero, RGBM reduces to GBM, in which individual wealths grow independently and no
social structure is represented.3
2

See, for example, Champernowne (1953); Stiglitz (1969); Piketty and Zucman (2015); Toda and Walsh (2015);
Gabaix et al. (2016); Hubmer, Krusell and Smith Jr. (2019).
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In a geometric Brownian motion rescaled wealth is, already, a non-ergodic observable (Adamou and Peters,
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2.1

Model positioning and definition

We use the literature review of De Nardi, Fella and Yang (2015) to place our model in the context
of existing work. They introduce “a simple accounting framework, originally due to Meade (1964)”
(p. 9):
“At birth, individuals are endowed with a, possibly individual-specific, fraction of the
contemporaneous, aggregate capital stock. The only source of income in the economy
is an idiosyncratic rate of return on individual wealth.
In a given period, individual wealth, normalized by the average capital stock, accrues
at the exponential rate
rti − g + sit ,

(2.1)

where rti is the realized rate of return for individual i of current age t and sit is the
ratio between the individual’s flow of (dis)saving and her wealth at the beginning of the
period.”
Our model is similar. We denote by xi (t) the wealth at time t of the ith member of a population
of N individuals. We define
yi (t) ≡

xi (t)
hx (t)iN

(2.2)

as the same individual’s wealth rescaled by the population average,
hx (t)iN ≡

N
1 X
xi (t) .
N

(2.3)

i=1

Equation (2.1) implies the following differential equation for the rescaled wealth:
dyi = yi [ri (t) − g + si (t)] dt .

(2.4)

Meade (1964) assumes that the population-average wealth grows exponentially at rate g. Under
this assumption, individual wealth obeys
dxi = xi [ri (t) + si (t)] dt .

(2.5)

The sum ri (t) + si (t) is the time-varying exponential growth rate of individual wealth. Meade
(1964) interprets this in terms of idiosyncratic rates of return and saving. We offer a similar
interpretation by decomposing [ri (t) + si (t)] dt into:
• µdt – a common, constant part, representing economic growth; and
• σdWi (t) – an idiosyncratic, random part, representing individual growth.
2016).
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Taking dWi (t) to be the increment in a Wiener process (normally distributed with zero mean and
variance dt) we arrive at GBM,
dxi = xi [µdt + σdWi (t)] ,

(2.6)

with drift µ and volatility σ. This is our basic model for the evolution of individual wealth in the
absence of social structure.
Wealth evolves multiplicatively under GBM. There are no additive changes akin to labor income
and consumption. This is unproblematic for large wealths, where additive changes are dwarfed by
capital gains. For small wealths, however, wages and consumption are significant. Indeed, empirical
distributions exhibit different regularities for low and high wealths. There are other multiplicative
effects at play. For instance, investing in one’s health, housing, and education may be closer to
a multiplicative investment than to wealth-depleting consumption (Piketty, 1997). We also treat
additive earnings explicitly in Sec. 4.2 and find that including them in a less parsimonious model
of wealth accumulation does not alter fundamentally our conclusions.
We note that t in our framework denotes time, rather than the age of an agent. As Meade (1964)
puts it, our agents “do not marry or have children or die or even grow old” (p. 41). Therefore, the
individual in our setup is best imagined as a household or a family, i.e. some long-lasting unit into
which personal events are subsumed.
Finally, we add to the system a term that is absent from many other models in the literature. This
term represents redistributive social structure. We imagine, as the simplest social interaction, that
each individual pays a fixed proportion of its wealth, xi τ dt, into a central pot (“contributes to
society”) and gets back an equal share of the pot, hxiN τ dt, (“benefits from society”):
xi = xi [(µ − τ )dt + σdWi (t)] + hxiN τ dt .

(2.7)

A more complex model would treat the economy as a system of agents that interact with each
other through a network of relationships. These relationships include trade in goods and services,
employment, paying taxes, using centrally-organized infrastructure (roads, schools, a legal system,
social security, scientific research, and so on), insurance schemes, wealth transfers through inheritance and gifts, and everything else that constitutes an economic network. It would be a hopeless
task to produce an exhaustive list of all these interactions, let alone include them as meaningful,
testable model components. Instead we introduce a single parameter – the reallocation rate, τ – to
represent their net effect. If τ is positive, the direction of net reallocation is from richer to poorer;
if negative, it is from poorer to richer.
Fitting τ to data will allow us to answer questions such as:
• what is the net reallocating effect of socio-economic structure on the wealth distribution?
• are observations consistent with the ergodic hypothesis that the rescaled wealth distribution
converges to a stationary distribution?
6

• if so, how long does it take, after a change in conditions, for the rescaled wealth distribution
to reach the stationary distribution?
To be clear, we do not want to separate different processes that affect the wealth distribution, as
would be useful if we wanted to understand the effect of a specific process, say income tax, on
economic inequality. We aim for the opposite – a model that summarizes in as few parameters as
possible everything that affects the wealth distribution, crucially without assuming ergodicity. For
example, if effects of death and inheritance were separated out explicitly with additional parameters,
rather than being included in τ , the fitted τ values would no longer tell us if the system as a whole
is in an ergodic regime.

2.2

Model behavior

Equation (2.7) is our model for the evolution of wealth with social structure and the basis for the
empirical study that follows. It is instructive to write it as
dxi = xi [µdt + σdWi (t)] − τ (xi − hxiN )dt .
|
{z
} |
{z
}
Growth

(2.8)

Reallocation

This can be thought of as GBM with a mean-reverting term like that of Uhlenbeck and Ornstein
(1930) in physics and Vasicek (1977) in finance. This representation exposes the importance of the
sign of τ . We discuss the two regimes in turn.
Positive τ

For τ > 0, wealth, xi , reverts to the population average, hxiN . The large-sample

approximation, hx (t)iN ∝ eµt , is valid4 and yields a simple differential equation for the rescaled
wealth,
dyi = yi σdWi (t) − τ (yi − 1)dt ,

(2.9)

in which the common growth rate, µ, has been scaled out.
The distribution of yi (t) can be found by solving the corresponding Fokker-Planck equation (also
known as the Kolmogorov forward equation). A stationary distribution exists with a Pareto tail, see
Appendix B. It is known as the inverse gamma distribution and has probability density function,
P (y) =

(ζ − 1)ζ − ζ−1
e y y −(1+ζ) ,
Γ (ζ)

(2.10)


where ζ = 1 + 2τ /σ 2 is the Pareto tail index, Γ (·) is the gamma function, and the index i has
been dropped. Example forms of the stationary distribution are shown in Figure 1.
4

Strictly speaking, the large-sample approximation and resulting rescaled-wealth process, Equation (2.9), hold
only for τ > τc . However, τc ≈ 0 for realistic model parameters, and fits to data do not allow us to distinguish it
from zero. Nonetheless, the derivation of τc is instructive, see Appendix A.
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Figure 1: The stationary distribution of rescaled wealth for RGBM with positive τ . Top – linear
scales; Bottom – logarithmic scales.
The usual stylized facts are recovered: the larger σ (more randomness in the returns) and the
smaller τ (less reallocation), the smaller the tail index and the fatter the tail of the distribution
(higher inequality). Moreover, the fitted τ values we obtain in Sec. 4 give typical ζ values between
1 and 2 for the different datasets analyzed, consistent with observed tail indices between 1.2 to
1.6 (Klass et al., 2006; Gabaix, 2009; Brzeziński, 2014; Vermeulen, 2018). Thus, not only does
RGBM predict a realistic functional form for the distribution of rescaled wealth, but also it admits
fitted parameters which match observed tail thicknesses. The inability to do the latter is a known
shortcoming in models of earnings-based wealth accumulation, see Benhabib, Bisin and Luo (2017)
and Sec. 4.2.
In this regime, the model also recovers a relationship between wealth mobility and wealth inequality.
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The larger τ is, the lower the steady-state inequality is. At the same time, wealth mobility would
also be higher. This resembles the relationship coined “the Great Gatsby curve” in the context of
income (Krueger, 2012; Corak, 2013). A thorough analysis of wealth mobility in this model is left
for future work.
Equation (2.9) and extensions of it have received much attention in statistical mechanics (Marsili,
Maslov and Zhang, 1998; Bouchaud and Mézard, 2000; Bouchaud, 2015b; Liu and Serota, 2017). As
a combination of GBM and an Ornstein-Uhlenbeck process, it is a simple and analytically tractable
stochastic process. Liu and Serota (2017) provide an overview of the literature and known results.
Negative τ

For τ < 0 the model exhibits mean repulsion rather than reversion. The ergodic

hypothesis is invalid and no stationary wealth distribution exists. The population splits into those
above the mean and those below the mean. Whereas in RGBM with non-negative τ it is impossible
for positive wealth to become negative, negative τ leads to negative wealth. No longer is total
economic wealth a limit to the wealth of the richest individual because the poorest develop large
negative wealth. The wealth of the rich in the population increases exponentially away from
the mean, and the wealth of the poor becomes negative and exponentially large in magnitude,
see Figure 2. Qualitatively, this echoes the findings that the rich are experiencing higher growth
rates of their wealth than the poor (Piketty, 2014; Wolff, 2014) and that the cumulative wealth of
the poorest 50 percent of the US population was negative during 2008–2013 (Rios-Rull and Kuhn,
2016; Saez and Zucman, 2016).
Such splitting of the population is a common feature of non-ergodic processes. If rescaled wealth
were an ergodic process, then individuals would, over long enough time, experience all parts of its
distribution. People would spend 99 percent of their time as “the 99 percent” and 1 percent of
their time as “the 1 percent”. The social mobility that is, therefore, implicit in models that assume
ergodicity might not exist in reality if that assumption is invalid. That inequality and immobility
have been linked (Corak, 2013; Liu et al., 2013; Berman, 2019) may be unsurprising when both are
viewed as consequences of non-ergodic wealth or income.

3

Data

3.1

Wealth share data

To estimate the model parameters we analyze the wealth shares of the top quantiles of the US
population, as estimated by three sources using different methods:
• The capitalization method that uses information on capital income from individual income
tax returns to estimate the underlying stock of wealth (Saez and Zucman, 2016; The World
Inequality Database, 2016). “If we can observe capital income k = rW , where W is the
underlying value of an asset and r is the known rate of return, then we can estimate wealth
9
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Figure 2: Regimes of RGBM. A) τ = 0 separates the two regimes of RGBM. For τ > 0, a stationary
wealth distribution exists. For τ < 0, no stationary wealth distribution exists and wealths diverge.
B) Simulations of RGBM with N = 1000, µ = 0.021 year−1 (presented after rescaling by eµt ),
σ = 0.14 year−1/2 , xi (0) = 1, τ = 0.15 year−1 . Magenta lines: largest and smallest wealths,
blue lines: five randomly chosen wealth trajectories, black line: sample mean. C) The stationary
distribution to which the system in B) converges. Inset: same distribution on linear scales. D)
Similar to B), with τ = −0.15 year−1 . E) in the τ < 0 regime, no stationary wealth distribution
exists.
based on capital income and capitalization factor 1/r defined using the appropriate choice of
rate of return” (Kopczuk, 2015, p. 54). Data availability: the wealth shares of the top 5, 0.5,
0.1 and 0.01 percent for 1917–2012 and of the top 10 and 1 percent for 1913–2014 (annually).
• The estate multiplier method that uses data from estate tax returns to estimate wealth for
the upper tail of the wealth distribution (Kopczuk and Saez, 2004). “The basic idea is to
think of decedents as a sample from the living population. The individual-specific mortality
rate mi becomes the sampling rate. If mi is known, the distribution for the living population
can be simply estimated by reweighting the data for decedents by inverse sampling weights
1/mi , which are called ‘estate multipliers’ ” (Kopczuk, 2015, p. 53). Data availability: the
wealth shares of the top 1, 0.5, 0.25, 0.1, 0.05 and 0.01 percent for 1916–2000 (annually, with
several missing years).
• The survey-based method that uses data from the Survey of Consumer Finances (SCF) conducted by the Federal Reserve, plus defined-benefit pension wealth, plus the wealth of the
members of the Forbes 400 (Bricker et al., 2016). Data availability: the wealth shares of the
top 1 and 0.1 percent for 1989–2013 (for every three years).
These sources are based on different datasets and for different time periods. In the overlapping
10

periods, they sometimes report markedly different wealth share estimates (see Figure 3).
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Figure 3: Top 1% and 0.1% wealth shares in the US, 1913–2014. Sources – Saez and Zucman
(2016); The World Inequality Database (2016) (blue); Kopczuk and Saez (2004) (black); Bricker
et al. (2016) (grey).
Kopczuk (2015) reviewed the advantages and disadvantages of the different methods (see also the
comment by Kopczuk on Bricker et al. (2016)). He observed that “the survey-based and estate
tax methods suggest that the share of wealth held by the top 1 percent has not increased much
in recent decades, while the capitalization method suggests that it has” (Kopczuk, 2015, p. 48),
although recent evidence suggests that the different sources may lead to closer estimates of top
wealth shares than previously thought (Saez and Zucman, 2019).
Which method best reflects the recent trends in wealth inequality is a matter of ongoing debate.
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Each method suffers from bias. For example, the survey-based method suffers from some underrepresentation of families who belong to the top end of the distribution. The capitalization method
suffers from some practical difficulties – “not all categories of assets generate capital income that
appears on tax returns. [. . . ] Owner-occupied housing does not generate annual taxable capital
income” (Kopczuk, 2015, p. 54). The estate tax method suffers from the need to accurately estimate mortality rates for the wealthy, known to be lower than those for the rest of the population
conditional on age. We refer the reader to Kopczuk (2015); Bricker et al. (2016) for a thorough
discussion. We analyze each data source separately.

3.2

Wealth Growth Rate

We find numerically that the results of our analysis do not depend on µ. This is because wealth
shares depend only on the distribution of rescaled wealth and, for τ > 0, it is possible to scale
out µ completely from the wealth dynamic to obtain Equation (2.9) for rescaled wealth. The
fitted τ < 0 values we find are not large or persistent enough to make our simulations significantly
µ-dependent. However, formally, since we allow negative τ , we must simulate Equation (2.7)
and not Equation (2.9). This requires us to specify a value of µ, which we estimate as µ =
0.021 ± 0.001 year−1 by a least-squares fit of historical per-capita private wealth in the US (Piketty
and Zucman, 2014) to an exponential growth curve.

3.3

Volatility

We must also specify the volatility parameter, σ, in Equation (2.7). In principle, this can vary with
time. We have no access to real individual wealth trajectories in either dataset discussed above, so
we resort to estimating σ (t) using our model directly, and from other data. We find numerically
that our results are not very sensitive to the details (see Sec. 4 and Appendix C), so we need only
a rough estimate. The estimation was done in two ways:
1. We estimate σ (t) and τ (t) together to best fit the top wealth shares (q = 10, 5, 1, 0.5, 0.1
and 0.01) from Saez and Zucman (2016) (see Sec. 4 for details on this fit).
2. We estimate σ (t) assuming that the volatility in individual wealths tracks the volatility in the
values of the companies that constitute the commercial and industrial base of the national
economy. Therefore, for each year, we estimate σ (t) as the standard deviation of daily
logarithmic changes of the Dow Jones Industrial Average (Quandl, 2016), which we annualize
by multiplying by (250/year)1/2 .
In both cases the values change in time. In the first case the values change within the range 0.02–
0.56 year−1/2 , averaging at 0.2 year−1/2 and with a median of 0.16 year−1/2 . In the case of the Dow
Jones Industrial Average the annual volatility was within the range 0.06–0.53 year−1/2 , averaging
at 0.16 year−1/2 and with a median of 0.14 year−1/2 for the years 1913–2012.
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Despite the inherent differences between the sources of the two estimates, they both provide similar
range of values within which σ (t) changes, and similar typical values. Thus, for simplicity, and
since running our empirical analysis with constant σ in this range had only little effect on our
results (see Sec. 4 and Appendix C), we present the analysis using σ (t) = 0.16 year−1/2 for all t.
Fixing σ means that we have only one model parameter – the effective reallocation rate, τ (t) – to
fit to the historical wealth shares.

4

Empirical Analysis

The goal of the empirical analysis is to estimate τ (t) from the historical wealth data, using RGBM
as our model. This estimation allows us to address two main questions:
1. Is it valid to assume ergodicity for the dynamics of relative wealth in the US? For the ergodic
hypothesis to be valid, fitted values of τ (t) would have to be robustly positive.
2. If τ (t) is indeed positive, how long does it take for the distribution to converge to its asymptotic form?
We fit a time series, τ (t), that reproduces the annually observed wealth shares in the three datasets
(see Sec. 3): Income tax-based (Saez and Zucman, 2016; The World Inequality Database, 2016),
estate tax-based (Kopczuk and Saez, 2004) and survey-based (Bricker et al., 2016). The wealth
P
share, Sq , is defined as the proportion of total wealth, N
i xi , owned by the richest fraction q of the
population, e.g. S10% = 80% means that the richest 10 percent of the population own 80 percent
of the total wealth.
For an empirical wealth share time series, Sqdata (t), we proceed as follows:
– Step 1 Initialize N individual wealths, {xi (t0 )}, as random variates of the inverse gamma distribution
with parameters chosen to match Sqdata (t0 ).
– Step 2 Propagate {xi (t)} according to Equation (2.7) over ∆t, using the value of τ that minimizes
the difference between the wealth share in the modeled population, Sqmodel (t + ∆t, τ ), and
Sqdata (t + ∆t). We use the Nelder-Mead algorithm (Nelder and Mead, 1965).
– Step 3 Repeat Step 2 until the end of the time series.
We consider historical wealth shares of the richest q = 10, 5, 1, 0.5, 0.25, 0.1, 0.05 and 0.01 percent
and obtain time series of fitted effective reallocation rates, τq (t), shown in Figure 4 for q = 1%. For
each value of q we perform a run of the simulation for N = 108 . Since in practice dW is randomly
chosen, each run of the simulation will result in slightly different τq (t) values. However, we found
that the differences between such calculations are negligible.
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Figure 4: Fitted effective reallocation rates. Calculations done using µ = 0.021 year−1 and σ =
0.16 year−1/2 . Top: τ1% (t) (black) and τe1% (t) (red). Translucent envelopes indicate one standard
data (blue), S model based on the annual τ
error in the moving averages. Bottom: S1%
1% (t) (dashed
1%
black), based on the 10-year moving average τe1% (t) (red).
Figure 4 (top) shows large annual fluctuations in τ1% (t). We are interested in longer-term changes
in reallocation driven by structural economic and political changes. To elucidate these we smooth
the data by taking a central 10-year moving average, τeq (t), where the window is truncated at
the ends of the time series. To ensure the smoothing does not introduce artificial biases, we
reverse the procedure and use τeq (t) to propagate the initially inverse gamma-distributed {xi (t0 )}
and determine the wealth shares Sqmodel (t). The good agreement with Sqdata (t) suggests that the
smoothed τeq (t) is meaningful, see Figure 4 (bottom).
For the capitalization method wealth shares (Saez and Zucman, 2016), the effective reallocation
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rate, τe (t), has been negative – i.e. from poorer to richer – since the mid- or late-1980s. This holds
for all of the inequality measures we derived from this dataset. It is also possible to estimate the
effective reallocation rate τall% (t) that best fits the data for all top shares together (q = 10, 5, 1,
0.5, 0.1 and 0.01), and not to a specific share only. In addition, since σ was fixed at 0.16 year−1/2
in our analysis, we can estimate both τall%+σ (t) and σ (t) together to best fit the data for all
six top shares, for robustness. These results are presented in Figure 5. They show that although
fitting τ to a specific top wealth quantile matters quantitatively, the results are qualitatively robust.
Also, letting σ (t) and τ (t) change together to fit all top wealth shares does not change the results
substantially.

Figure 5: Fitted effective reallocation rates. Calculations done using µ = 0.021 year−1 and σ =
0.16 year−1/2 when fitting τe1% (t) (red) and τeall% (t) (blue) and using µ = 0.021 year−1 when fitting
τeall%+σ (t) (black). Translucent envelopes indicate one standard error in the moving averages.
For the survey-based wealth shares (Bricker et al., 2016), we observe briefer periods in which
τe (t) < 0. The same is true for the estate tax data (Kopczuk and Saez, 2004), see Figure 6. When
τ (t) is positive, relevant convergence times are very long compared to the timescales of policy
changes, namely at least several decades. All three datasets indicate that making the ergodic
hypothesis is unwarranted.
The fitted RGBM model suggests that poor households accumulate large amounts of negative
wealth. This is not an unrealistic prediction. The existence of large and growing negative wealth
in the lower quantiles of the US wealth distribution is, in fact, supported by empirical evidence.
The cumulative wealth of the poorest half of the US population turned negative in recent years.
Furthermore, the wealth required for an individual to exit the bottom wealth decile has been
negative during the last fifty years and its magnitude has grown exponentially, going from roughly
−$3650 to −$16500 (in 2018 US Dollars) between 1962 and 2012 (The World Inequality Database,
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Figure 6: Effective reallocation rates for different datasets.
2016). Thus, the RGBM prediction of large negative wealth under poorer-to-richer reallocation
accords well with real-world phenomena.

4.1

Convergence times

In the ergodic regime it is possible to calculate how fast the wealth shares of different quantiles
converge to their asymptotic value. We do this numerically. Starting with a population of equal
wealths and assuming µ = 0.021 year−1 , σ = 0.16 year−1/2 , and τ = 0.04 year−1 , we let the system
equilibrate for long enough (3000 years in the simulation), so the distribution reaches its asymptotic
form to numerical precision. We then create a shock, by changing τ to a different “shock value”,
and allow the system to equilibrate again for a long enough time (see top panel of Figure 7).
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Following the shock, the wealth shares converge to their asymptotic values. We fit this convergence
numerically with an exponential function and interpret the inverse of the exponential convergence
rate as the convergence time. The bottom panel of Figure 7 shows the convergence times versus
the shock value of τ .
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Figure 7: Wealth share convergence time. Top: The convergence of the wealth share for q = 10
percent (blue), q = 1 percent (yellow) and q = 0.1 percent (purple) following a change in the
value of τ from 0.04 year−1 to 0.03 year−1 (solid), 0.025 year−1 (dashed) and 0.02 year−1 (dotted).
Bottom: The wealth share exponential convergence time for q = 10 percent (blue), q = 1 percent
(yellow) and q = 0.1 percent (purple) as a function of τ .
In addition, it is possible to calculate the convergence time of the variance of the stationary distribution (and other cumulants and moments of interest). In the ergodic regime the stationary
distribution has a finite variance only if τ > σ 2 /2 (Liu and Serota, 2017). Convergence of the actual variance to the stationary variance occurs exponentially over a timescale 1/(2τ − σ 2 ). Figure 8
shows the convergence times for different values of σ. See Appendix D for more details.
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Figure 8: Variance convergence time
Convergence times for wealth shares and variance are long, ranging from a few decades to several
centuries. This implies that making the ergodic hypothesis is inconsistent with data in RGBM. To
test this, we simulate such a study by performing a different RGBM parameter fit. We find the
reallocation rates, τqeqm (t), that generate stationary distributions consistent with observed wealth
shares. In other words, we assume instantaneous convergence.
eqm
Figure 9 contrasts τ1%
(t) assuming ergodicity with τe1% (t) without assuming ergodicity (using the

capitalization method dataset). If convergence were always possible and fast, then the two values
would be identical within statistical uncertainties. They are not. In addition, the generally large
eqm
discrepancies between the wealth inequality implied by τ1%
(t) (bottom panel, Figure 9, green line)

and as observed (bottom panel, Figure 9, blue line) indicate that the wealth distribution does not
stay close to its asymptotic form. This means that the long convergence times we calculate indeed
contrast with the ergodic hypothesis.

4.2

The effect of earnings

In a 2017 review, Benhabib, Bisin and Luo (2017, p. 593) remark that “the literature has largely
emphasized the role of earnings inequality in explaining wealth inequality” and point to empirical
failures of this approach. The most popular models, in which agents accumulate wealth through
stochastic earnings and precautionary savings, predict a strong correlation between earnings and
wealth inequality, which is not observed in cross-country data, and struggle “to reproduce the thick
right tail of the wealth distribution observed in the data” (Benhabib, Bisin and Luo, 2017, p. 593).
The latter failure is also noted by Hubmer, Krusell and Smith Jr. (2019). Benhabib, Bisin and Luo
(2017, p. 595) conclude that “other factors, like stochastic idiosyncratic returns on wealth” must
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Figure 9: Comparison of dynamic and equilibrium reallocation rates. Top: τe1% (t) (red,
same as

eqm
model t0 , τ eqm (t) = S data (t).
in the top of Figure 4). τ1%
(t) (green), defined such that limt0 →∞ S1%
1%
1%
It is impossible by design for this value to be negative. The significant difference between the red
and green lines demonstrates that the fast convergence assumption is invalid for the problem under
data (blue), S model based on the 10-year moving average τ
consideration. Bottom: S1%
e1% (t) (red),
1%
eqm
based on τ1% (t) (green). The reallocation rates found under the fast convergence assumption
generate model wealth shares which bear little relation to reality.
be at play.
Consistent with these observations, RGBM models wealth accumulation as a multiplicative process. Changes in individual wealth are composed of terms proportional to either individual wealth
or average wealth, in effect generating stochastic idiosyncratic returns. Additive changes akin to
labor income and consumption are not treated explicitly. Instead their effects are wrapped into
the reallocation rate, τ . While this parsimony makes the model tractable – in that we can write
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down the rescaled wealth distribution, Equation (2.10), for positive τ – it makes it impossible to
disentangle the various real-world drivers of the observed increase in wealth inequality. It is, therefore, legitimate to ask whether wealth is inherently unstable (because it is reallocated negatively)
or whether the increase in wealth inequality is really due to changes in the earnings distribution.
We check this by adding to Equation (2.7) a term representing earnings, for which data are available.
We find that earnings have had a small effect on the dynamics of the wealth distribution over the
last century. Since about 2000 this may have contributed to the increase in wealth inequality, but
in general the effect has been stabilizing. This implies that the purely multiplicative dynamics of
wealth, i.e. excluding additive earnings, have exhibited greater negative reallocation than fits to
RGBM might suggest.
We separate earnings out as follows, in a model we call Earnings Geometric Brownian Motion
(EGBM):
dxi = xi





µ (t) − τ EGBM (t) dt + σ (t) dWi (t) + hxiN τ EGBM (t) dt + i (t) dt .

(4.1)

The notation is similar to RGBM, with the addition of the individual earnings term i (t). We
consider earnings after spending and after tax, as they directly change wealth. This changes the
role of the reallocation rate, as reflected in the notation: τ EGBM reflects changes in wealth for
reasons other than additive income and consumption.
Using the same techniques as for the RGBM fits, we fit a time series, τ EGBM (t), that reproduces
annually observed wealth shares in the US (for the capitalization method dataset). This requires us
to find individual earnings in Equation (4.1), which we do as follows. We assume that the earnings
are log-normally distributed (see for example Pinkovskiy and Sala-i-Martin (2009)) and then fit the
two parameters of the distribution every year. This is done using the mean earnings (calculated
as total disposable national income multiplied by the personal savings rate and divided by the
population size, as reported by Piketty and Zucman (2014)) and the top 1% after-tax income share
data (as reported in The World Inequality Database (2016)).
Since the joint wealth-earnings distribution is not known fully, we analyze two bounding scenarios.
First, a “correlated” scenario in which earnings are perfectly correlated with wealth. Every year,
the richest individual has the highest earnings, the second richest individual has the second highest
earnings, and so on. This is the least stabilizing possibility. Second, an “anti-correlated” scenario
in which the poorest individual has the highest earnings, the second poorest individual has the
second highest earnings, and so on. This is the most stabilizing possibility. We fit τ EGBM (t) for
each scenario, and compare the results to the fitted τ (t) values for which the effects of earnings
have not been disentangled from other effects. See Figure 10.
In general, disentangling earnings has a small effect on the fitted reallocation rates. For the correlated scenario – which is the more realistic of the two because the correlation between wealth and
earnings is positive (Rios-Rull and Kuhn, 2016) – the fitted reallocation rates τ EGBM (t) are within
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Figure 10: The effective reallocation rates for the RGBM and EGBM models. The red translucent
envelopes indicate one standard error in the moving averages of the RGBM fitted reallocation rates.
the statistical error of τ (t), into which the effects of earnings have been subsumed.
When earnings have a stabilizing effect, the fitted reallocation rate is lower under EGBM than
under RGBM. Even in the correlated scenario, which is the least stabilizing, earnings have a
stabilizing effect for years 1930–2000. During 2000–2010, we find that earnings destabilize the
wealth distribution in the correlated scenario. However, since the difference between the fitted
values is small, we can conclude that the contribution of earnings to the reported increase in wealth
inequality from 1985 to 2010 is negligible. Moreover, and perhaps even more importantly, the
earnings contribution cannot explain the invalidity of the ergodic hypothesis in our model.
We suspect the main reason for the small effect of earnings is the low ratio of earnings to wealth. Figure 11 shows the ratio of average earnings (after spending) to average wealth in the US during the
period under study. Typically this ratio is around 1%, at which level earnings play only a secondary
role in the dynamics of wealth. This echoes the observations of Piketty (2014); Piketty and Zucman
(2014); Berman and Shapira (2017). Under such conditions, it is unsurprising that models reliant
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on earnings as the primary mechanism of wealth accumulation fail to resemble reality (Benhabib,
Bisin and Luo, 2017; Hubmer, Krusell and Smith Jr., 2019). By including a multiplicative growth
mechanism for wealth, RGBM avoids these pitfalls. Not only does it predict the Pareto tail of
the stationary wealth distribution, when it exists, but also it allows for fitted tail exponents that
reproduce the observed tail thickness (see Sec. 2.2).
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Figure 11: Time series of the ratio of average earnings after spending to average private wealth in
the US. Data from Piketty and Zucman (2014).

5

Discussion

Studies of economic inequality often assume ergodicity of relative wealth. This assumption also goes
under the headings of equilibrium, stationarity, or stability (Adamou and Peters, 2016). Specifically,
it is assumed that:
1. the system can equilibrate, i.e. a stationary distribution exists to which the observed distribution converges in the long-time limit; and
2. the system equilibrates quickly, i.e. the observed distribution gets close to the stationary
distribution after a time shorter than other relevant timescales, such as the time between
policy changes.
Assumption 2 is often left unstated, but it is necessary for the stationary (model) distribution
to resemble the observed (real) distribution. This matters because the stationary distribution is
often a key object of study – model parameters are found by fitting the stationary distribution
to observed inequality, and effects of various model parameters on the stationary distribution are
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explored. While in some cases this strategy is very useful and informative, it may be misleading if
the ergodic hypothesis is unwarranted.
We do not assume ergodicity. Fitting τ in RGBM allows the data to speak without constraint as to
whether the ergodic hypothesis is valid. We find that our model, together with the available data,
does not support the ergodic hypothesis because:
A. We observe negative τ values in all datasets analyzed, most notably using the capitalization
method, especially since about 1980. The wealth distribution is non-stationary and inequality
increases for as long as these conditions prevail.
B. When we observe positive τ , the associated convergence times are mostly of the order of
decades or centuries, see Figure 6 and Figure 7 (bottom). They are much longer than the
periods over which economic conditions and policies change – they are the timescales of history
rather than of politics.
The ergodic hypothesis precludes what we find. Item A above corresponds to reallocation that
moves wealth from poorer to richer individuals, which is inconsistent with the ergodic hypothesis.
For the most recent data, the system is in a state best described by non-ergodic RGBM, τ < 0
(Saez and Zucman, 2016; The World Inequality Database, 2016) or τ ≈ 0 (Bricker et al., 2016).
Therefore, each time we observe the wealth distribution, we see a snapshot of it either in the process
of diverging or very far from its asymptotic form.
We also find that changes in the earnings distribution do not provide an adequate alternative
explanation of the described dynamics of the wealth distribution. Although earnings have become
more unequal over the recent decades in which wealth inequality has increased, their effect on the
wealth distribution has been small and generally stabilizing rather than destabilizing. Treating
earnings explicitly in our model does not change fundamentally our conclusions.
Important economic phenomena, such as diverging inequality, social immobility, and the emergence
of negative wealth, are difficult to reproduce in a model that assumes ergodicity. In our simple
model, this is easy to see: in the ergodic regime, τ > 0, our model cannot reproduce these phenomena at all. One may be tempted to conclude that their existence is a sign of special conditions
prevailing in the real world. But if we admit the possibility of non-ergodicity, τ ≤ 0, it becomes
clear that these phenomena can easily emerge in an economy that does not actively guard against
them.
These findings have relevant implications for state-of-the-art models of wealth dynamics. Models
that make the ergodic hypothesis, or are built so that the existence and uniqueness of a limit
stationary distribution are guaranteed, require using available data for testing the validity of such
assumptions. While in our model the ergodic hypothesis is not supported by data, it may still be
supported by data in other models of the wealth distribution. We encourage other researchers to
make similar tests. Moreover, when a steady state distribution exists, validating fast convergence
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relative to the relevant time intervals is also important and informative. This is especially relevant
when policy recommendations are made based on such models.
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A

The Derivation of Self-Averaging Time tc

In transforming the differential equation for wealth, x, into a differential equation for rescaled
wealth, y, we use the approximation hx (t)iN = hx (0)iN eµt . In other words we assume that the
population-average wealth grows like the expectation value of wealth.
It is known that this approximation is invalid for long times (Peters and Klein, 2013). Specifically,
over long times hx (t)iN grows at the exponential rate µ − σ 2 /2, whereas the expectation value,
hx (t)i, grows at the exponential rate µ.
This raises the question for how long our approximation is valid. The answer depends on the sample
size N , as it must because the expectation value is just the N → ∞ limit of the population average.
To assess whether the fluctuations in hx (t)iN are important, we compare the variance of hx (t)iN to
the expectation value squared (equivalent to comparing the standard deviation to the expectation
value). If the variance is smaller than the expectation value squared, then the approximation is
acceptable. If this is not the case, then we cannot use this approximation.
The calculations that use the approximation relate to properties of the stationary distribution. This
exists for τ above some positive threshold, i.e. with sufficiently strong reallocation. The coupling of
wealth trajectories through reallocation lengthens the timescale over which the population average
resembles the expected wealth. Therefore, we are on safe ground if we can show that the timescale
on which the approximation is valid when τ = 0 is longer than practically relevant timescales. This
is a sufficient condition for the approximation to be valid when τ > 0.
This means we work with a population of N independent GBMs, which makes the computation of
the variance easy. GBM is log-normally distributed,




σ2
2
ln [x (t)] ∼ ln N ln x (0) + µ −
t, σ t .
2

(A.1)

From this, it follows that the expectation value of a single trajectory grows as
hx (t)i = x (0) eµt ,

(A.2)

h 2
i
V [x (t)] = x (0)2 e2µt eσ t − 1 .

(A.3)

and the variance grows as

Because the wealth trajectories are independent, the variance of an average over N trajectories is
one-N th of the variance for the individual trajectory. We are now in a position to compare standard
deviation and average as follows
V [hx (t)iN ]
hhx (t)iN i2

2

=

eσ t − 1
.
N

(A.4)

So long as this is less than one, hx (t)i is a good approximation for hx (t)iN . Rearranging and taking
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N  1 gives an upper bound on the time for which this approximation holds:
t < tc ≡

ln N
.
σ2

(A.5)

For typical parameter values in our model, N = 108 and σ = 0.16 year−1/2 , we find tc ≈ 700 years.
It turns out that, strictly speaking, the minimum value of τ required for the stationary distribution
to exist is not zero but proportional to the inverse of this timescale (Bouchaud, 2015a), i.e.
τ > τc ≡

σ2
.
2 ln N

(A.6)

In essence, the inequality-increasing effects of multiplicative growth drive wealths apart on the
timescale tc , whereas the inequality-reducing effects of reallocation drive wealths back together
on the timescale 1/τ . Thus, τc marks the point at which reallocation overcomes the forces that
drive wealths apart, leading to a stationary distribution of rescaled wealth. In our case τc ≈
0.0007 year−1 , which is in practice indistinguishable from zero.
The timescale tc was derived assuming that everyone starts out equally, which is not generally
the case. If the initial distribution of wealth is very unequal, then the variance of hxiN will be
dominated by the fluctuations experienced by the wealthiest individuals, and the approximation
hxiN ≈ hx (0)iN eµt becomes invalid more quickly. We confirmed numerically that the effect is
negligible for our study: our results are indistinguishable whether we simulate dx (which requires
an estimate for µ), or dy (where µ does not appear but the above-mentioned approximation is
made).
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B

The Derivation of the Stationary Distribution

We start again with the SDE for the rescaled wealth,
dy = σ y dW − τ (y − 1) dt .

(B.1)

This is an Itô equation with drift term A = τ (y − 1) and diffusion term B = yσ.
Such equations imply ordinary second-order differential equations that describe the evolution of
the pdf, called Fokker-Planck equations. The Fokker-Planck equation describes the change in
probability density, at any point in (relative-wealth) space, due to the action of the drift term (like
advection in a fluid) and due to the diffusion term (like heat spreading). In this case, we have

dp (y, t)
∂
1 ∂2  2
=
[Ap (y, t)] +
B p (y, t) .
2
dt
∂y
2 ∂y

(B.2)

The steady-state Fokker-Planck equation for the pdf p (y) is obtained by setting the time derivative
to zero,
σ2 2 
y p yy + τ [(y − 1) p]y = 0 .
2

(B.3)

Positive wealth subjected to continuous-time multiplicative dynamics with non-negative reallocation can never reach zero. Therefore, we solve Equation (B.3) with boundary condition p (0) = 0
to give
p (y) = C (ζ) e

− ζ−1
−(1+ζ)
y

where

C (ζ) =
with the gamma function Γ (ζ) =

R∞
0

,

(B.4)

2τ
σ2

(B.5)

(ζ − 1)ζ
,
Γ (ζ)

(B.6)

ζ =1+
and

y

xζ−1 e−x dx. The distribution has a power-law tail as y → ∞,

resembling Pareto’s often confirmed observation that the frequency of large wealths tends to decay
as a power law. The exponent of the power law, ζ, is called the Pareto parameter and is one
measure of economic inequality.
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C

The Effect of Fixed Versus Time-Varying σ

Our analysis requires us to set the volatility parameter, σ, in the RGBM model. Our baseline
estimates are done with a fixed σ = 0.16. As demonstrated in Figure 5, letting τ (t) and σ (t)
change in time to best fit all available top wealth shares, has only a small qualitative impact on
the results.
We also test the robustness of the results to the variation in time of σ (t) by using data from the US
stock market. For each year in the analysis, we define σ (t) as the standard deviation of the daily
logarithmic changes in the Dow Jones Industrial Average (DJIA) for that year (Quandl, 2016),
annualized by multiplying by (250/year)1/2 . We present this in Figure 12. In order to show that
using the time-varying σ (t) has little effect on the estimated reallocation rates, a comparison is
presented in Figure 13.
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Figure 12: Annualized σ (t) estimated from daily changes in the DJIA. Data taken from Quandl
(2016).
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Figure 13: Smoothed effective reallocation rates with fixed and time-varying σ. Solid lines – fixed
σ; Dotted lines – time-varying σ.
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D

The Derivation of the Variance Convergence Time

Our key finding is that under currently prevailing economic conditions it is not safe to assume the
existence of stationary wealth distributions in models of wealth dynamics. Nevertheless, we present
some results for the regime of our model where a stationary distribution exists. The full form of
the distribution is derived in Appendix B. Because it has a power-law tail for large wealths, only
the lower moments of the distribution exist, while higher moments diverge. Below, we derive a
condition for the convergence of the variance and calculate its convergence time.
The variance of y is a combination of the first moment, hyi (the average), and the second moment,
y2 :
V (y) = y 2 − hyi2

(D.1)

We thus need to find hyi and y 2 in order to determine the variance. The first moment of the
rescaled wealth is, by definition, hyi = 1.
To find the second moment, we start with the SDE for the rescaled wealth:
dy = σy dW − τ (y − 1) dt .

(D.2)

This is an Itô process, which implies that an increment, df , in some (twice-differentiable) function
f (y, t) will also be an Itô process, and such increments can be found by Taylor-expanding to second
order in dy as follows:
df =

∂f
∂f
1 ∂2f 2
dt +
dy +
dy .
∂t
∂y
2 ∂y 2

(D.3)

We insert f (y, t) = y 2 and obtain

d y 2 = 2ydy + (dy)2 .

(D.4)

We substitute dy in Equation (D.4), which yields terms of order dW , dt, dW 2 , dt2 , and (dW dt).
The scaling of Brownian motion allows us to replace dW 2 by dt, and we ignore o (dt) terms. This
yields


d y 2 = 2σy 2 dW − 2τ − σ 2 y 2 dt + 2τ y dt .

(D.5)

Taking expectations on both sides, and using hyi = 1, produces an ordinary differential equation
for the second moment:

with solution


dhy 2 i
= − 2τ − σ 2 hy 2 i + 2τ
dt

(D.6)



2
2τ
2τ
2
hy (t) i =
+ hy (0) i −
e−(2τ −σ )t .
2
2
2τ − σ
2τ − σ

(D.7)

2
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The variance V (t) = hy (t)2 i − 1 therefore follows
2
V (t) = V∞ + (V0 − V∞ ) e−(2τ −σ )t ,

(D.8)

where V0 is the initial variance and
V∞ =

2τ
− 1.
2τ − σ 2

(D.9)

V converges in time to the asymptote, V∞ , provided the exponential in Equation (D.8) is decaying.
This can be expressed as a condition on τ
τ>

σ2
.
2

(D.10)

Clearly, for negative values of τ the condition cannot be satisfied, and the variance (and inequality)
of the wealth distribution will diverge. In the regime where the variance exists, τ > σ 2 /2, it also

follows from Equation (D.8) that the convergence time of the variance is 1/ 2τ − σ 2 .
As τ increases, increasingly high moments of the distribution become convergent to some finite
value. The above procedure for finding the second moment (and thereby the variance) can be
applied to the k th moment, just by changing the second power y 2 to y k , and any other cumulant
can therefore be found as a combination of the relevant moments. For instance Liu and Serota
(2017) also compute the third cumulant.

34

