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Private	Distributed	Learning	



•  Consider	a	hospital	that	wants	to	train	a	machine	learning	model	using	patients’	healthcare	
records	
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•  Training	a	machine	learning	model	is	a	compute	and	storage	intensive	task	that	is	desired	to	
be	offloaded	to	cloud/edge	

	

failures/stragglers 
adversarial attacks 

Privacy breaches 

Motivating	Example	

How	to	develop	a	resilient,	secure,	and	privacy-preserving	framework	for	
distributed	computing/learning?	



Wants to compute f(X1), f(X2), …, f(XK) 
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Ø  What if some nodes straggle/fail? 

Ø  What if some nodes are malicious? 

Ø  What if we want to keep data private? 
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Wants to compute f(X1), f(X2), …, f(XK) 

X1 X2 Xk 

f(X1) 
f(X2) 

f(Xk) 

… 
inefficient replication 

differential privacy 
homomorphic encryption 

secure multi-party computing 

e.g., to tolerate one straggler each computation is repeated twice! 

e.g., to tolerate one error each computation is repeated three times! 

Setting	

Ø  What if some nodes straggle/fail? 

Ø  What if some nodes are malicious? 

Ø  What if we want to keep data private? 
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Our proposal: Coded Computing 
Shannon’s Coding Theory von Neumann’s Computing Theory 

computation 
encoder 

computation 
decoder 



Coded Computing in a Nutshell 

f(x1) f(x2) f(x1) f(x2) 

inefficient replication! 



f(x1) f(x2) f(c(x1,x2)) 

coded computation! 

Coded Computing in a Nutshell 

Key Challenge: how to design codes so that computation on coded data is meaningful? 

Key idea: injecting computation redundancy in unorthodox coded forms. 

special case of “linear functions” have been the focus of most (all) prior works, MDS coding, ShortDot, sparse coding, … 

Note that for linear functions coding and computation commute: f(x1+x2)=f(x1)+f(xx) 



Bi-Linear	Computation:	Massive	Matrix	Multiplication	

AT	 B	X	

The	key	algebraic	building	block	of	many	ML	algorithms	
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Bi-Linear	Computation:	Massive	Matrix	Multiplication	



A0
T	 B0	 A0

T	 B1	

A1
T	 B1	A1

T	 B0	

Slowest	server	determines	the	speed	of	computation!	
How	to	deal	with	stragglers/failures?		

Bi-Linear	Computation:	Massive	Matrix	Multiplication	



A0
T	 B1	A0

T	 B0	

A1
T	 B0	 A1

T	 B1	

Naïve	Repetition	

A0
T	 B0	 A0

T	 B1	

A1
T	 B0	 A1

T	 B1	

Can	we	tolerate	4	stragglers	(the	same	as	MDS	codes)??!!	

8	servers	used,	1	straggler	is	tolerated		



Polynomial	Codes	[NIPS	2017]	
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f(x) = A0 +A1x

g(x) = B0 +B1x
2

Server	i	calculates:		 h(i) = fT (i)g(i)



Polynomial	Codes	[NIPS	2017]	

f(x) = A0 +A1x

g(x) = B0 +B1x
2

f(1)T g(1)

f(2)T g(2)

f(3)T g(3)f(1)T g(1)

f(2)T g(2)

f(3)T g(3)

f(4)T g(4)

f(5)T g(5)

f(6)T g(6)

f(4)T g(4)

f(5)T g(5)

f(6)T g(6)

f(7)T g(7)

f(8)T g(8)

f(9)T g(9)



Polynomial	Codes	[NIPS	2017]	


AT
0

AT
1

� ⇥
B0,B1

⇤

f(x) = A0 +A1x

g(x) = B0 +B1x
2

h(x) = fT (x)g(x) = AT
0 B0 +AT

1 B0x+AT
0 B1x

2 +AT
1 B1x

3

The	code	is	Reed-Solomon	after	multiplication.	It	is	MDS!	

h(x) = fT (x)g(x) = (AT
0 +AT

1 x)(B0 +B1x
2)

Result	of	any	4	servers	is	enough	to	calculate	ATB.	



Coded Computing for more General Computations? 

Wants to compute f(X1), f(X2), …, f(XK) 

X1 X2 Xk 

f(X1) 
f(X2) 

f(Xk) 

… 
arbitrary multivariate polynomial f 

Ø  Matrix algebra 

Ø  Tensor algebra 

Ø  Typical data processing (filtering, …) 

Ø  General loss functions in ML 
algorithms 



•  Data	encoding		
–  Pick	distinct	
–  Construct	Lagrange	polynomial	
–  Pick	distinct		
–  Compute			

Lagrange	Coded	Computing	[AISTATS	2019]	
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the amount of download from each server to the naturally
occurring delays in the system. Specifically, we cluster the
workers in the system according to the expected computation
times, and have workers in the same cluster operate on the
same encoded data. By allowing the functions that are applied
in each cluster to differ, it is shown that the decoding can be
completed once sufficient information has arrived from each
cluster, regardless of the internal delays within that cluster.

This paper is structured as follows. Preliminary background
on LCC and UDMs is given in Section II, and our contribu-
tions are formally stated in Section III. The former extension
of LCC is given in Section IV, and the latter in Section V.
Omitted technical details are readily available online [11].

II. PRELIMINARIES

We use the standard notation [N ] for the set {1, . . . , N},
denote the underlying field1 by F, and denote the composition
operation between polynomials by �.

We consider a system with a master node and N workers,
in which a dataset X = (x1, . . . , xK), with xk 2 FM⇥1 for
every k 2 [K], is coded as x̃1, . . . , x̃N , and each codeword
symbol x̃n is stored in one of the N workers. The master node
is interested in the computation results {y

k
, f(xk)}k2[K]

for a polynomial f = (f1, . . . , fL), where f` : FM ! F for
all ` 2 [L] and G , max{deg(f`)}`2[L]. To achieve this, f
is applied by the workers on their stored data, and the results
of the computation {ỹ

n
= f(x̃n)}n2[N ] on the codeword

symbols are transmitted back to the master. Many tasks which
are studied in coded computation fall under this framework,
including matrix multiplication, and gradient coding whenever
the loss function is a polynomial, or is approximated by one.

For integers A and S, a coding scheme is said to be S-
resilient and A-secure if the master is capable of extract-
ing {y

k
}k2[K], even if up to S workers fail to respond in a

timely manner, and up to A workers reply with purposefully
erroneous data. In addition, for an integer T the scheme is
called T -private if every set of T colluding workers remain
information-theoretically oblivious to the content of X, i.e.,
if I({x̃t}t2T ;X) = 0 for every T ✓ [N ] of size at most T ,
where I denotes mutual information, and X is seen as chosen
uniformly at random.

In Section V, it is further assumed that the results
of the computation on the coded data ỹ

n
= f(x̃n) =

(f1(x̃n), . . . , fL(x̃n)), from every worker n 2 [N ], arrive at
the master sequentially. That is, f1(x̃n) arrives, followed by
f2(x̃n), and so on. In addition, we allow the polynomial f

itself to be coded, and the encoding can potentially differ
from one worker to another. That is, each worker n 2 [N ]
corresponds to L polynomials hn,1, . . . , hn,L, each of which
is a linear combination of the polynomials {f`}`2[L].

A. Lagrange Coded Computing
Lagrange Coded Computing [19] follows the outline that is

described above, and achieves resiliency, security, and privacy
that is known to be optimal in many cases. LCC relies heavily
on the Lagrange polynomial, as follows.

Given the data matrix X, fix K distinct elements � =
(�1, . . . ,�K) and additional N distinct elements ↵ =
(↵1, . . . ,↵N ) in F. By using the well-known Lagrange in-
terpolation formula, define u = uX,� as the lowest degree
polynomial such that u(�k) = xk for every k 2 [K]. Notice

1Our techniques operate over any large enough finite field or any infinite
one.

u(z)

↵1 �1
↵2 �2

↵N �K

X1

X2

XK

eX1 eX2
eXN

Fig. 1. Illustration of LCC. Following the computation, worker n 2 [N ]
holds ỹn, which is an evaluation of f � u at ↵n. The results of the
computation {yk}k2[K] are obtained by interpolating f�u from {ỹn}n2[N ],
and evaluating it at �1, . . . ,�K .

that u is in fact a vector of polynomials, but we refer to it as
a polynomial for simplicity. It is well known that the degree
of u (or more precisely, the degree of every component of u)
is at most K�1. Then, in the storage phase, the polynomial u
is evaluated at ↵n and the evaluation is sent to worker n, i.e.,
x̃n = u(↵n) for every n 2 [N ].

In the computation phase, every worker applies the poly-
nomial f on its stored data, and sends the results back to
the master. Since x̃n = u(↵n), it follows that f(x̃n) is an
evaluation at ↵n of the univariate polynomial f � u, whose
degree is at most G(K � 1). Hence, since u(�k) = xk for
every k 2 [K], it follows that the results of the computa-
tion {y

k
}k2[K] can be obtained by decoding the coefficients

of f � u, and evaluating it at �1, . . . ,�K (see Figure 1).
Moreover, whenever there exists a privacy requirement (i.e.,

when T > 0 and F is finite), the data matrix X is padded
with T random entries T = (t1, . . . , tT ) 2 FM⇥T . The user
fixes � = (�1, . . . ,�K+T ) and ↵ such that {�k}k2[K] \
{↵n}n2[N ] = ?, and defines u = uX|T,� as the unique
polynomial such that u(�k) = xk for every k 2 [K]
and u(�K+t) = tt for every t 2 [T ]. Then, the encoding
is performed by evaluating u at the points of ↵, and we have
the following theorem.

Theorem 1. [19] Lagrange Coded Computing provides
an S-resilient, A-secure, and T -private scheme for com-
puting {y

k
}k2[K] for any polynomial f , as long as N �

(K + T � 1)G+ S + 2A+ 1.

Remark 1. LCC has additional applications in obtaining
another aspect of information-theoretic privacy. In the so-
called function-privacy, the identity of the polynomial f

should be kept private from sets of colluding servers. This
problem, that is also known as Private Computation [14],
is a generalization of the well-studied Private Information
Retrieval problem, and is studied in [9].

B. Universally Decodable Matrices
Universally Decodable Matrices (UDMs) have been studied

in the past for various applications, such as slow-fading
channels [15], and decoding of scalar codes in the presence of
stragglers [8]. They are tightly connected to various previously
defined notions, such as m-codes [12], and their correspond-
ing metric was thoroughly studied in [1].

Definition 1. For integers L and P , matrices B1, . . . ,BP 2
FL⇥L are called UDMs if for every nonnegative inte-
gers n1, . . . , nP that sum to L, the following matrix is
invertible–

(b1,1, . . . , b1,n1 , b2,1, . . . , b2,n2 , . . . , bP,1, . . . , bP,nP ), (1)

where bi,j is the j’th column of Bi, indexed from left to right.

α1 α2 αN· · ·

u(αN ) ! X̃N

X̃NX̃1 X̃2

worker 1 worker 2 worker N

u(α2) ! X̃2
u(α1) ! X̃1

1

α1 α2 αN· · ·

u(αN ) ! X̃N

X̃NX̃1 X̃2

worker 1 worker 2 worker N

u(α2) ! X̃2
u(α1) ! X̃1

N



•  Local	computing	
–  Worker	i	computes	
–  This	is	equivalent	to	evaluate	the	polynomial																	of	degree																										at	

Lagrange	Coded	Computing	

f(X̃i) = f(u(↵i))
<latexit sha1_base64="5txDAoeTtnf65rkZQIqmMi6Kp7Q=">AAACCHicbVDLSsNAFL2pr1pfUZcuHCxCuimJCLoRim5cVrAPaEKYTCbt0MmDmYlQQpdu/BU3LhRx6ye482+cPhbaeuDCmXPuZe49QcaZVLb9bZRWVtfWN8qbla3tnd09c/+gLdNcENoiKU9FN8CScpbQlmKK024mKI4DTjvB8Gbidx6okCxN7tUoo16M+wmLGMFKS755HFmuYjykRXfssxq6QpGVWy7m2QDrd803q3bdngItE2dOqjBH0ze/3DAleUwTRTiWsufYmfIKLBQjnI4rbi5phskQ92lP0wTHVHrF9JAxOtVKiKJU6EoUmqq/JwocSzmKA90ZYzWQi95E/M/r5Sq69AqWZLmiCZl9FOUcqRRNUkEhE5QoPtIEE8H0rogMsMBE6ewqOgRn8eRl0j6rO3bduTuvNq7ncZThCE7AAgcuoAG30IQWEHiEZ3iFN+PJeDHejY9Za8mYzxzCHxifP132mEI=</latexit><latexit sha1_base64="5txDAoeTtnf65rkZQIqmMi6Kp7Q=">AAACCHicbVDLSsNAFL2pr1pfUZcuHCxCuimJCLoRim5cVrAPaEKYTCbt0MmDmYlQQpdu/BU3LhRx6ye482+cPhbaeuDCmXPuZe49QcaZVLb9bZRWVtfWN8qbla3tnd09c/+gLdNcENoiKU9FN8CScpbQlmKK024mKI4DTjvB8Gbidx6okCxN7tUoo16M+wmLGMFKS755HFmuYjykRXfssxq6QpGVWy7m2QDrd803q3bdngItE2dOqjBH0ze/3DAleUwTRTiWsufYmfIKLBQjnI4rbi5phskQ92lP0wTHVHrF9JAxOtVKiKJU6EoUmqq/JwocSzmKA90ZYzWQi95E/M/r5Sq69AqWZLmiCZl9FOUcqRRNUkEhE5QoPtIEE8H0rogMsMBE6ewqOgRn8eRl0j6rO3bduTuvNq7ncZThCE7AAgcuoAG30IQWEHiEZ3iFN+PJeDHejY9Za8mYzxzCHxifP132mEI=</latexit><latexit sha1_base64="5txDAoeTtnf65rkZQIqmMi6Kp7Q=">AAACCHicbVDLSsNAFL2pr1pfUZcuHCxCuimJCLoRim5cVrAPaEKYTCbt0MmDmYlQQpdu/BU3LhRx6ye482+cPhbaeuDCmXPuZe49QcaZVLb9bZRWVtfWN8qbla3tnd09c/+gLdNcENoiKU9FN8CScpbQlmKK024mKI4DTjvB8Gbidx6okCxN7tUoo16M+wmLGMFKS755HFmuYjykRXfssxq6QpGVWy7m2QDrd803q3bdngItE2dOqjBH0ze/3DAleUwTRTiWsufYmfIKLBQjnI4rbi5phskQ92lP0wTHVHrF9JAxOtVKiKJU6EoUmqq/JwocSzmKA90ZYzWQi95E/M/r5Sq69AqWZLmiCZl9FOUcqRRNUkEhE5QoPtIEE8H0rogMsMBE6ewqOgRn8eRl0j6rO3bduTuvNq7ncZThCE7AAgcuoAG30IQWEHiEZ3iFN+PJeDHejY9Za8mYzxzCHxifP132mEI=</latexit><latexit sha1_base64="5txDAoeTtnf65rkZQIqmMi6Kp7Q=">AAACCHicbVDLSsNAFL2pr1pfUZcuHCxCuimJCLoRim5cVrAPaEKYTCbt0MmDmYlQQpdu/BU3LhRx6ye482+cPhbaeuDCmXPuZe49QcaZVLb9bZRWVtfWN8qbla3tnd09c/+gLdNcENoiKU9FN8CScpbQlmKK024mKI4DTjvB8Gbidx6okCxN7tUoo16M+wmLGMFKS755HFmuYjykRXfssxq6QpGVWy7m2QDrd803q3bdngItE2dOqjBH0ze/3DAleUwTRTiWsufYmfIKLBQjnI4rbi5phskQ92lP0wTHVHrF9JAxOtVKiKJU6EoUmqq/JwocSzmKA90ZYzWQi95E/M/r5Sq69AqWZLmiCZl9FOUcqRRNUkEhE5QoPtIEE8H0rogMsMBE6ewqOgRn8eRl0j6rO3bduTuvNq7ncZThCE7AAgcuoAG30IQWEHiEZ3iFN+PJeDHejY9Za8mYzxzCHxifP132mEI=</latexit>

f(u(z))
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(K � 1) deg f
<latexit sha1_base64="gvbaHn/Jf+QYdcN1VOhfQtfO+LM=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSLUgyURQY9FL4KXCvYD0lA2m027dLMbdjdCCf0ZXjwo4tVf481/47bNQVsfDDzem2FmXphypo3rfjsrq2vrG5ulrfL2zu7efuXgsK1lpghtEcml6oZYU84EbRlmOO2miuIk5LQTjm6nfueJKs2keDTjlAYJHggWM4KNlfza/bl31ovoAMX9StWtuzOgZeIVpAoFmv3KVy+SJEuoMIRjrX3PTU2QY2UY4XRS7mWappiM8ID6lgqcUB3ks5Mn6NQqEYqlsiUMmqm/J3KcaD1OQtuZYDPUi95U/M/zMxNfBzkTaWaoIPNFccaRkWj6P4qYosTwsSWYKGZvRWSIFSbGplS2IXiLLy+T9kXdc+vew2W1cVPEUYJjOIEaeHAFDbiDJrSAgIRneIU3xzgvzrvzMW9dcYqZI/gD5/MHTYaP9A==</latexit><latexit sha1_base64="gvbaHn/Jf+QYdcN1VOhfQtfO+LM=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSLUgyURQY9FL4KXCvYD0lA2m027dLMbdjdCCf0ZXjwo4tVf481/47bNQVsfDDzem2FmXphypo3rfjsrq2vrG5ulrfL2zu7efuXgsK1lpghtEcml6oZYU84EbRlmOO2miuIk5LQTjm6nfueJKs2keDTjlAYJHggWM4KNlfza/bl31ovoAMX9StWtuzOgZeIVpAoFmv3KVy+SJEuoMIRjrX3PTU2QY2UY4XRS7mWappiM8ID6lgqcUB3ks5Mn6NQqEYqlsiUMmqm/J3KcaD1OQtuZYDPUi95U/M/zMxNfBzkTaWaoIPNFccaRkWj6P4qYosTwsSWYKGZvRWSIFSbGplS2IXiLLy+T9kXdc+vew2W1cVPEUYJjOIEaeHAFDbiDJrSAgIRneIU3xzgvzrvzMW9dcYqZI/gD5/MHTYaP9A==</latexit><latexit sha1_base64="gvbaHn/Jf+QYdcN1VOhfQtfO+LM=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSLUgyURQY9FL4KXCvYD0lA2m027dLMbdjdCCf0ZXjwo4tVf481/47bNQVsfDDzem2FmXphypo3rfjsrq2vrG5ulrfL2zu7efuXgsK1lpghtEcml6oZYU84EbRlmOO2miuIk5LQTjm6nfueJKs2keDTjlAYJHggWM4KNlfza/bl31ovoAMX9StWtuzOgZeIVpAoFmv3KVy+SJEuoMIRjrX3PTU2QY2UY4XRS7mWappiM8ID6lgqcUB3ks5Mn6NQqEYqlsiUMmqm/J3KcaD1OQtuZYDPUi95U/M/zMxNfBzkTaWaoIPNFccaRkWj6P4qYosTwsSWYKGZvRWSIFSbGplS2IXiLLy+T9kXdc+vew2W1cVPEUYJjOIEaeHAFDbiDJrSAgIRneIU3xzgvzrvzMW9dcYqZI/gD5/MHTYaP9A==</latexit><latexit sha1_base64="gvbaHn/Jf+QYdcN1VOhfQtfO+LM=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSLUgyURQY9FL4KXCvYD0lA2m027dLMbdjdCCf0ZXjwo4tVf481/47bNQVsfDDzem2FmXphypo3rfjsrq2vrG5ulrfL2zu7efuXgsK1lpghtEcml6oZYU84EbRlmOO2miuIk5LQTjm6nfueJKs2keDTjlAYJHggWM4KNlfza/bl31ovoAMX9StWtuzOgZeIVpAoFmv3KVy+SJEuoMIRjrX3PTU2QY2UY4XRS7mWappiM8ID6lgqcUB3ks5Mn6NQqEYqlsiUMmqm/J3KcaD1OQtuZYDPUi95U/M/zMxNfBzkTaWaoIPNFccaRkWj6P4qYosTwsSWYKGZvRWSIFSbGplS2IXiLLy+T9kXdc+vew2W1cVPEUYJjOIEaeHAFDbiDJrSAgIRneIU3xzgvzrvzMW9dcYqZI/gD5/MHTYaP9A==</latexit>

↵i
<latexit sha1_base64="MDzR1ons9qUy8ZFAUl1vopHRAWk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKpi20oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmKPNpIhLVCVEzwSXzDTeCdVLFMA4Fa4fj25nffmJK80Q+mEnKghiHkkecorFSp4ciHWGf96s1t+7OQVaJV5AaFGj2q1+9QUKzmElDBWrd9dzUBDkqw6lg00ov0yxFOsYh61oqMWY6yOf3TsmZVQYkSpQtachc/T2RY6z1JA5tZ4xmpJe9mfif181MdB3kXKaZYZIuFkWZICYhs+fJgCtGjZhYglRxeyuhI1RIjY2oYkPwll9eJa2LuufWvfvLWuOmiKMMJ3AK5+DBFTTgDprgAwUBz/AKb86j8+K8Ox+L1pJTzBzDHzifPwnAj/Q=</latexit><latexit sha1_base64="MDzR1ons9qUy8ZFAUl1vopHRAWk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKpi20oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmKPNpIhLVCVEzwSXzDTeCdVLFMA4Fa4fj25nffmJK80Q+mEnKghiHkkecorFSp4ciHWGf96s1t+7OQVaJV5AaFGj2q1+9QUKzmElDBWrd9dzUBDkqw6lg00ov0yxFOsYh61oqMWY6yOf3TsmZVQYkSpQtachc/T2RY6z1JA5tZ4xmpJe9mfif181MdB3kXKaZYZIuFkWZICYhs+fJgCtGjZhYglRxeyuhI1RIjY2oYkPwll9eJa2LuufWvfvLWuOmiKMMJ3AK5+DBFTTgDprgAwUBz/AKb86j8+K8Ox+L1pJTzBzDHzifPwnAj/Q=</latexit><latexit sha1_base64="MDzR1ons9qUy8ZFAUl1vopHRAWk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKpi20oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmKPNpIhLVCVEzwSXzDTeCdVLFMA4Fa4fj25nffmJK80Q+mEnKghiHkkecorFSp4ciHWGf96s1t+7OQVaJV5AaFGj2q1+9QUKzmElDBWrd9dzUBDkqw6lg00ov0yxFOsYh61oqMWY6yOf3TsmZVQYkSpQtachc/T2RY6z1JA5tZ4xmpJe9mfif181MdB3kXKaZYZIuFkWZICYhs+fJgCtGjZhYglRxeyuhI1RIjY2oYkPwll9eJa2LuufWvfvLWuOmiKMMJ3AK5+DBFTTgDprgAwUBz/AKb86j8+K8Ox+L1pJTzBzDHzifPwnAj/Q=</latexit><latexit sha1_base64="MDzR1ons9qUy8ZFAUl1vopHRAWk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKpi20oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmKPNpIhLVCVEzwSXzDTeCdVLFMA4Fa4fj25nffmJK80Q+mEnKghiHkkecorFSp4ciHWGf96s1t+7OQVaJV5AaFGj2q1+9QUKzmElDBWrd9dzUBDkqw6lg00ov0yxFOsYh61oqMWY6yOf3TsmZVQYkSpQtachc/T2RY6z1JA5tZ4xmpJe9mfif181MdB3kXKaZYZIuFkWZICYhs+fJgCtGjZhYglRxeyuhI1RIjY2oYkPwll9eJa2LuufWvfvLWuOmiKMMJ3AK5+DBFTTgDprgAwUBz/AKb86j8+K8Ox+L1pJTzBzDHzifPwnAj/Q=</latexit>

α1 α2 αN· · ·

f(X̃N ,W̃(t)
N )

f(X̃2,W̃
(t)
2 )

f(X̃1,W̃
(t)
1 )

h(z)

h(z)

h(↵1) = f(X̃1)

h(↵N ) = f(X̃N )

h(↵2) = f(X̃2)

α1 α2 αN· · ·

u(αN ) ! X̃N

X̃NX̃1 X̃2

worker 1 worker 2 worker N

u(α2) ! X̃2
u(α1) ! X̃1

1

α1 α2 αN· · ·

u(αN ) ! X̃N

X̃NX̃1 X̃2

worker 1 worker 2 worker N

u(α2) ! X̃2
u(α1) ! X̃1

N



•  Computation	decoding	(recovering	f(X1),	…,	f(XK)	
–  Master	interpolates																after	receiving	results	from	any																																	workers	
–  Evaluate	at																	to	recover		
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f(u(z))
<latexit sha1_base64="EIeqXPHR9NWCFq800athFkFSsvk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahvZREBD0WvXisYFuhDWWz3bRLN5uwOxFq6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrh4AaLoXiLRQo+UOiOY0CyTvB+Gbmdx65NiJW9zhJuB/RoRKhYBSt1AmrafWpVuuXK27dnYOsEi8nFcjR7Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuiuGVnwmVpMgVWywKU0kwJrPfyUBozlBOLKFMC3srYSOqKUObUMmG4C2/vEra53XPrXt3F5XGdR5HEU7gFKrgwSU04Baa0AIGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8ADvyOtw==</latexit><latexit sha1_base64="EIeqXPHR9NWCFq800athFkFSsvk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahvZREBD0WvXisYFuhDWWz3bRLN5uwOxFq6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrh4AaLoXiLRQo+UOiOY0CyTvB+Gbmdx65NiJW9zhJuB/RoRKhYBSt1AmrafWpVuuXK27dnYOsEi8nFcjR7Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuiuGVnwmVpMgVWywKU0kwJrPfyUBozlBOLKFMC3srYSOqKUObUMmG4C2/vEra53XPrXt3F5XGdR5HEU7gFKrgwSU04Baa0AIGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8ADvyOtw==</latexit><latexit sha1_base64="EIeqXPHR9NWCFq800athFkFSsvk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahvZREBD0WvXisYFuhDWWz3bRLN5uwOxFq6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrh4AaLoXiLRQo+UOiOY0CyTvB+Gbmdx65NiJW9zhJuB/RoRKhYBSt1AmrafWpVuuXK27dnYOsEi8nFcjR7Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuiuGVnwmVpMgVWywKU0kwJrPfyUBozlBOLKFMC3srYSOqKUObUMmG4C2/vEra53XPrXt3F5XGdR5HEU7gFKrgwSU04Baa0AIGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8ADvyOtw==</latexit><latexit sha1_base64="EIeqXPHR9NWCFq800athFkFSsvk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahvZREBD0WvXisYFuhDWWz3bRLN5uwOxFq6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrh4AaLoXiLRQo+UOiOY0CyTvB+Gbmdx65NiJW9zhJuB/RoRKhYBSt1AmrafWpVuuXK27dnYOsEi8nFcjR7Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuiuGVnwmVpMgVWywKU0kwJrPfyUBozlBOLKFMC3srYSOqKUObUMmG4C2/vEra53XPrXt3F5XGdR5HEU7gFKrgwSU04Baa0AIGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8ADvyOtw==</latexit>

(K � 1) deg f + 1
<latexit sha1_base64="Jgvb+etPuR5q0nQUSCngW0HW+Ik=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BItQEctGBD0WvQheKtgPaJeSTWfb0Gx2TbKFsvR3ePGgiFd/jDf/jWm7B219MPB4b4aZeX4suDau++3kVlbX1jfym4Wt7Z3dveL+QUNHiWJQZ5GIVMunGgSXUDfcCGjFCmjoC2j6w9up3xyB0jySj2YcgxfSvuQBZ9RYySvfn5PTTg/6ODgj3WLJrbgz4GVCMlJCGWrd4lenF7EkBGmYoFq3iRsbL6XKcCZgUugkGmLKhrQPbUslDUF76ezoCT6xSg8HkbIlDZ6pvydSGmo9Dn3bGVIz0IveVPzPaycmuPZSLuPEgGTzRUEisInwNAHc4wqYEWNLKFPc3orZgCrKjM2pYEMgiy8vk8ZFhbgV8nBZqt5kceTRETpGZUTQFaqiO1RDdcTQE3pGr+jNGTkvzrvzMW/NOdnMIfoD5/MHKTqQZA==</latexit><latexit sha1_base64="Jgvb+etPuR5q0nQUSCngW0HW+Ik=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BItQEctGBD0WvQheKtgPaJeSTWfb0Gx2TbKFsvR3ePGgiFd/jDf/jWm7B219MPB4b4aZeX4suDau++3kVlbX1jfym4Wt7Z3dveL+QUNHiWJQZ5GIVMunGgSXUDfcCGjFCmjoC2j6w9up3xyB0jySj2YcgxfSvuQBZ9RYySvfn5PTTg/6ODgj3WLJrbgz4GVCMlJCGWrd4lenF7EkBGmYoFq3iRsbL6XKcCZgUugkGmLKhrQPbUslDUF76ezoCT6xSg8HkbIlDZ6pvydSGmo9Dn3bGVIz0IveVPzPaycmuPZSLuPEgGTzRUEisInwNAHc4wqYEWNLKFPc3orZgCrKjM2pYEMgiy8vk8ZFhbgV8nBZqt5kceTRETpGZUTQFaqiO1RDdcTQE3pGr+jNGTkvzrvzMW/NOdnMIfoD5/MHKTqQZA==</latexit><latexit sha1_base64="Jgvb+etPuR5q0nQUSCngW0HW+Ik=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BItQEctGBD0WvQheKtgPaJeSTWfb0Gx2TbKFsvR3ePGgiFd/jDf/jWm7B219MPB4b4aZeX4suDau++3kVlbX1jfym4Wt7Z3dveL+QUNHiWJQZ5GIVMunGgSXUDfcCGjFCmjoC2j6w9up3xyB0jySj2YcgxfSvuQBZ9RYySvfn5PTTg/6ODgj3WLJrbgz4GVCMlJCGWrd4lenF7EkBGmYoFq3iRsbL6XKcCZgUugkGmLKhrQPbUslDUF76ezoCT6xSg8HkbIlDZ6pvydSGmo9Dn3bGVIz0IveVPzPaycmuPZSLuPEgGTzRUEisInwNAHc4wqYEWNLKFPc3orZgCrKjM2pYEMgiy8vk8ZFhbgV8nBZqt5kceTRETpGZUTQFaqiO1RDdcTQE3pGr+jNGTkvzrvzMW/NOdnMIfoD5/MHKTqQZA==</latexit><latexit sha1_base64="Jgvb+etPuR5q0nQUSCngW0HW+Ik=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BItQEctGBD0WvQheKtgPaJeSTWfb0Gx2TbKFsvR3ePGgiFd/jDf/jWm7B219MPB4b4aZeX4suDau++3kVlbX1jfym4Wt7Z3dveL+QUNHiWJQZ5GIVMunGgSXUDfcCGjFCmjoC2j6w9up3xyB0jySj2YcgxfSvuQBZ9RYySvfn5PTTg/6ODgj3WLJrbgz4GVCMlJCGWrd4lenF7EkBGmYoFq3iRsbL6XKcCZgUugkGmLKhrQPbUslDUF76ezoCT6xSg8HkbIlDZ6pvydSGmo9Dn3bGVIz0IveVPzPaycmuPZSLuPEgGTzRUEisInwNAHc4wqYEWNLKFPc3orZgCrKjM2pYEMgiy8vk8ZFhbgV8nBZqt5kceTRETpGZUTQFaqiO1RDdcTQE3pGr+jNGTkvzrvzMW/NOdnMIfoD5/MHKTqQZA==</latexit>

z = �j
<latexit sha1_base64="hRCTC4dA0k9guetPDEJW8CuHhKg=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNdtOu3WzC7kSooT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbqtx65NiJW9zhOuB/RgRKhYBSt1HkiV6QbcKS9h1654lbdGcgy8XJSgRz1Xvmr249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezkyfkxCp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF76mVBJilyx+aIwlQRjMv2f9IXmDOXYEsq0sLcSNqSaMrQplWwI3uLLy6R5VvXcqnd3Xqld53EU4QiO4RQ8uIAa3EIdGsAghmd4hTcHnRfn3fmYtxacfOYQ/sD5/AFVs5Cg</latexit><latexit sha1_base64="hRCTC4dA0k9guetPDEJW8CuHhKg=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNdtOu3WzC7kSooT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbqtx65NiJW9zhOuB/RgRKhYBSt1HkiV6QbcKS9h1654lbdGcgy8XJSgRz1Xvmr249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezkyfkxCp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF76mVBJilyx+aIwlQRjMv2f9IXmDOXYEsq0sLcSNqSaMrQplWwI3uLLy6R5VvXcqnd3Xqld53EU4QiO4RQ8uIAa3EIdGsAghmd4hTcHnRfn3fmYtxacfOYQ/sD5/AFVs5Cg</latexit><latexit sha1_base64="hRCTC4dA0k9guetPDEJW8CuHhKg=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNdtOu3WzC7kSooT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbqtx65NiJW9zhOuB/RgRKhYBSt1HkiV6QbcKS9h1654lbdGcgy8XJSgRz1Xvmr249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezkyfkxCp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF76mVBJilyx+aIwlQRjMv2f9IXmDOXYEsq0sLcSNqSaMrQplWwI3uLLy6R5VvXcqnd3Xqld53EU4QiO4RQ8uIAa3EIdGsAghmd4hTcHnRfn3fmYtxacfOYQ/sD5/AFVs5Cg</latexit><latexit sha1_base64="hRCTC4dA0k9guetPDEJW8CuHhKg=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNdtOu3WzC7kSooT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbqtx65NiJW9zhOuB/RgRKhYBSt1HkiV6QbcKS9h1654lbdGcgy8XJSgRz1Xvmr249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezkyfkxCp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF76mVBJilyx+aIwlQRjMv2f9IXmDOXYEsq0sLcSNqSaMrQplWwI3uLLy6R5VvXcqnd3Xqld53EU4QiO4RQ8uIAa3EIdGsAghmd4hTcHnRfn3fmYtxacfOYQ/sD5/AFVs5Cg</latexit>

f(u(�j)) = f(Xj)
<latexit sha1_base64="s68AthpYdj4Q/GDdSLTvfs9THTE=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTNYhHRTEhF0IxTduKxgL9CGMJlO2tHJJMycCKV24au4caGIW1/DnW/jtM1CW38Y+PjPOZwzf5gKrsF1v63C0vLK6lpxvbSxubW9Y+/uNXWSKcoaNBGJaodEM8ElawAHwdqpYiQOBWuF91eTeuuBKc0TeQvDlPkx6UsecUrAWIF9EDmZ0w0ZkOCuUsEXOHLahgK77FbdqfAieDmUUa56YH91ewnNYiaBCqJ1x3NT8EdEAaeCjUvdTLOU0HvSZx2DksRM+6Pp/WN8bJwejhJlngQ8dX9PjEis9TAOTWdMYKDnaxPzv1ong+jcH3GZZsAknS2KMoEhwZMwcI8rRkEMDRCquLkV0wFRhIKJrGRC8Oa/vAjNk6rnVr2b03LtMo+jiA7REXKQh85QDV2jOmogih7RM3pFb9aT9WK9Wx+z1oKVz+yjP7I+fwDxfZQa</latexit><latexit sha1_base64="s68AthpYdj4Q/GDdSLTvfs9THTE=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTNYhHRTEhF0IxTduKxgL9CGMJlO2tHJJMycCKV24au4caGIW1/DnW/jtM1CW38Y+PjPOZwzf5gKrsF1v63C0vLK6lpxvbSxubW9Y+/uNXWSKcoaNBGJaodEM8ElawAHwdqpYiQOBWuF91eTeuuBKc0TeQvDlPkx6UsecUrAWIF9EDmZ0w0ZkOCuUsEXOHLahgK77FbdqfAieDmUUa56YH91ewnNYiaBCqJ1x3NT8EdEAaeCjUvdTLOU0HvSZx2DksRM+6Pp/WN8bJwejhJlngQ8dX9PjEis9TAOTWdMYKDnaxPzv1ong+jcH3GZZsAknS2KMoEhwZMwcI8rRkEMDRCquLkV0wFRhIKJrGRC8Oa/vAjNk6rnVr2b03LtMo+jiA7REXKQh85QDV2jOmogih7RM3pFb9aT9WK9Wx+z1oKVz+yjP7I+fwDxfZQa</latexit><latexit sha1_base64="s68AthpYdj4Q/GDdSLTvfs9THTE=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTNYhHRTEhF0IxTduKxgL9CGMJlO2tHJJMycCKV24au4caGIW1/DnW/jtM1CW38Y+PjPOZwzf5gKrsF1v63C0vLK6lpxvbSxubW9Y+/uNXWSKcoaNBGJaodEM8ElawAHwdqpYiQOBWuF91eTeuuBKc0TeQvDlPkx6UsecUrAWIF9EDmZ0w0ZkOCuUsEXOHLahgK77FbdqfAieDmUUa56YH91ewnNYiaBCqJ1x3NT8EdEAaeCjUvdTLOU0HvSZx2DksRM+6Pp/WN8bJwejhJlngQ8dX9PjEis9TAOTWdMYKDnaxPzv1ong+jcH3GZZsAknS2KMoEhwZMwcI8rRkEMDRCquLkV0wFRhIKJrGRC8Oa/vAjNk6rnVr2b03LtMo+jiA7REXKQh85QDV2jOmogih7RM3pFb9aT9WK9Wx+z1oKVz+yjP7I+fwDxfZQa</latexit><latexit sha1_base64="s68AthpYdj4Q/GDdSLTvfs9THTE=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTNYhHRTEhF0IxTduKxgL9CGMJlO2tHJJMycCKV24au4caGIW1/DnW/jtM1CW38Y+PjPOZwzf5gKrsF1v63C0vLK6lpxvbSxubW9Y+/uNXWSKcoaNBGJaodEM8ElawAHwdqpYiQOBWuF91eTeuuBKc0TeQvDlPkx6UsecUrAWIF9EDmZ0w0ZkOCuUsEXOHLahgK77FbdqfAieDmUUa56YH91ewnNYiaBCqJ1x3NT8EdEAaeCjUvdTLOU0HvSZx2DksRM+6Pp/WN8bJwejhJlngQ8dX9PjEis9TAOTWdMYKDnaxPzv1ong+jcH3GZZsAknS2KMoEhwZMwcI8rRkEMDRCquLkV0wFRhIKJrGRC8Oa/vAjNk6rnVr2b03LtMo+jiA7REXKQh85QDV2jOmogih7RM3pFb9aT9WK9Wx+z1oKVz+yjP7I+fwDxfZQa</latexit>
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•  Data	encoding		
–  Pick	distinct	
–  Construct	Lagrange	polynomial	
–  Pick	distinct		
–  Compute			

•  Local	computing	
–  Worker	i	computes	
–  This	is	equivalent	to	evaluate	the	polynomial															of	degree																										at	

•  Computation	decoding	
–  Master	interpolates																after	receiving	results	from	any																																	workers	
–  Evaluate	at																	to	recover		

Lagrange	Coded	Computing	

f(X̃i) = f(u(↵i))
<latexit sha1_base64="5txDAoeTtnf65rkZQIqmMi6Kp7Q=">AAACCHicbVDLSsNAFL2pr1pfUZcuHCxCuimJCLoRim5cVrAPaEKYTCbt0MmDmYlQQpdu/BU3LhRx6ye482+cPhbaeuDCmXPuZe49QcaZVLb9bZRWVtfWN8qbla3tnd09c/+gLdNcENoiKU9FN8CScpbQlmKK024mKI4DTjvB8Gbidx6okCxN7tUoo16M+wmLGMFKS755HFmuYjykRXfssxq6QpGVWy7m2QDrd803q3bdngItE2dOqjBH0ze/3DAleUwTRTiWsufYmfIKLBQjnI4rbi5phskQ92lP0wTHVHrF9JAxOtVKiKJU6EoUmqq/JwocSzmKA90ZYzWQi95E/M/r5Sq69AqWZLmiCZl9FOUcqRRNUkEhE5QoPtIEE8H0rogMsMBE6ewqOgRn8eRl0j6rO3bduTuvNq7ncZThCE7AAgcuoAG30IQWEHiEZ3iFN+PJeDHejY9Za8mYzxzCHxifP132mEI=</latexit><latexit sha1_base64="5txDAoeTtnf65rkZQIqmMi6Kp7Q=">AAACCHicbVDLSsNAFL2pr1pfUZcuHCxCuimJCLoRim5cVrAPaEKYTCbt0MmDmYlQQpdu/BU3LhRx6ye482+cPhbaeuDCmXPuZe49QcaZVLb9bZRWVtfWN8qbla3tnd09c/+gLdNcENoiKU9FN8CScpbQlmKK024mKI4DTjvB8Gbidx6okCxN7tUoo16M+wmLGMFKS755HFmuYjykRXfssxq6QpGVWy7m2QDrd803q3bdngItE2dOqjBH0ze/3DAleUwTRTiWsufYmfIKLBQjnI4rbi5phskQ92lP0wTHVHrF9JAxOtVKiKJU6EoUmqq/JwocSzmKA90ZYzWQi95E/M/r5Sq69AqWZLmiCZl9FOUcqRRNUkEhE5QoPtIEE8H0rogMsMBE6ewqOgRn8eRl0j6rO3bduTuvNq7ncZThCE7AAgcuoAG30IQWEHiEZ3iFN+PJeDHejY9Za8mYzxzCHxifP132mEI=</latexit><latexit sha1_base64="5txDAoeTtnf65rkZQIqmMi6Kp7Q=">AAACCHicbVDLSsNAFL2pr1pfUZcuHCxCuimJCLoRim5cVrAPaEKYTCbt0MmDmYlQQpdu/BU3LhRx6ye482+cPhbaeuDCmXPuZe49QcaZVLb9bZRWVtfWN8qbla3tnd09c/+gLdNcENoiKU9FN8CScpbQlmKK024mKI4DTjvB8Gbidx6okCxN7tUoo16M+wmLGMFKS755HFmuYjykRXfssxq6QpGVWy7m2QDrd803q3bdngItE2dOqjBH0ze/3DAleUwTRTiWsufYmfIKLBQjnI4rbi5phskQ92lP0wTHVHrF9JAxOtVKiKJU6EoUmqq/JwocSzmKA90ZYzWQi95E/M/r5Sq69AqWZLmiCZl9FOUcqRRNUkEhE5QoPtIEE8H0rogMsMBE6ewqOgRn8eRl0j6rO3bduTuvNq7ncZThCE7AAgcuoAG30IQWEHiEZ3iFN+PJeDHejY9Za8mYzxzCHxifP132mEI=</latexit><latexit sha1_base64="5txDAoeTtnf65rkZQIqmMi6Kp7Q=">AAACCHicbVDLSsNAFL2pr1pfUZcuHCxCuimJCLoRim5cVrAPaEKYTCbt0MmDmYlQQpdu/BU3LhRx6ye482+cPhbaeuDCmXPuZe49QcaZVLb9bZRWVtfWN8qbla3tnd09c/+gLdNcENoiKU9FN8CScpbQlmKK024mKI4DTjvB8Gbidx6okCxN7tUoo16M+wmLGMFKS755HFmuYjykRXfssxq6QpGVWy7m2QDrd803q3bdngItE2dOqjBH0ze/3DAleUwTRTiWsufYmfIKLBQjnI4rbi5phskQ92lP0wTHVHrF9JAxOtVKiKJU6EoUmqq/JwocSzmKA90ZYzWQi95E/M/r5Sq69AqWZLmiCZl9FOUcqRRNUkEhE5QoPtIEE8H0rogMsMBE6ewqOgRn8eRl0j6rO3bduTuvNq7ncZThCE7AAgcuoAG30IQWEHiEZ3iFN+PJeDHejY9Za8mYzxzCHxifP132mEI=</latexit>

f(u(z))
<latexit sha1_base64="EIeqXPHR9NWCFq800athFkFSsvk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahvZREBD0WvXisYFuhDWWz3bRLN5uwOxFq6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrh4AaLoXiLRQo+UOiOY0CyTvB+Gbmdx65NiJW9zhJuB/RoRKhYBSt1AmrafWpVuuXK27dnYOsEi8nFcjR7Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuiuGVnwmVpMgVWywKU0kwJrPfyUBozlBOLKFMC3srYSOqKUObUMmG4C2/vEra53XPrXt3F5XGdR5HEU7gFKrgwSU04Baa0AIGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8ADvyOtw==</latexit><latexit sha1_base64="EIeqXPHR9NWCFq800athFkFSsvk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahvZREBD0WvXisYFuhDWWz3bRLN5uwOxFq6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrh4AaLoXiLRQo+UOiOY0CyTvB+Gbmdx65NiJW9zhJuB/RoRKhYBSt1AmrafWpVuuXK27dnYOsEi8nFcjR7Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuiuGVnwmVpMgVWywKU0kwJrPfyUBozlBOLKFMC3srYSOqKUObUMmG4C2/vEra53XPrXt3F5XGdR5HEU7gFKrgwSU04Baa0AIGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8ADvyOtw==</latexit><latexit sha1_base64="EIeqXPHR9NWCFq800athFkFSsvk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahvZREBD0WvXisYFuhDWWz3bRLN5uwOxFq6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrh4AaLoXiLRQo+UOiOY0CyTvB+Gbmdx65NiJW9zhJuB/RoRKhYBSt1AmrafWpVuuXK27dnYOsEi8nFcjR7Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuiuGVnwmVpMgVWywKU0kwJrPfyUBozlBOLKFMC3srYSOqKUObUMmG4C2/vEra53XPrXt3F5XGdR5HEU7gFKrgwSU04Baa0AIGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8ADvyOtw==</latexit><latexit sha1_base64="EIeqXPHR9NWCFq800athFkFSsvk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahvZREBD0WvXisYFuhDWWz3bRLN5uwOxFq6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrh4AaLoXiLRQo+UOiOY0CyTvB+Gbmdx65NiJW9zhJuB/RoRKhYBSt1AmrafWpVuuXK27dnYOsEi8nFcjR7Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuiuGVnwmVpMgVWywKU0kwJrPfyUBozlBOLKFMC3srYSOqKUObUMmG4C2/vEra53XPrXt3F5XGdR5HEU7gFKrgwSU04Baa0AIGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8ADvyOtw==</latexit>

(K � 1) deg f
<latexit sha1_base64="gvbaHn/Jf+QYdcN1VOhfQtfO+LM=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSLUgyURQY9FL4KXCvYD0lA2m027dLMbdjdCCf0ZXjwo4tVf481/47bNQVsfDDzem2FmXphypo3rfjsrq2vrG5ulrfL2zu7efuXgsK1lpghtEcml6oZYU84EbRlmOO2miuIk5LQTjm6nfueJKs2keDTjlAYJHggWM4KNlfza/bl31ovoAMX9StWtuzOgZeIVpAoFmv3KVy+SJEuoMIRjrX3PTU2QY2UY4XRS7mWappiM8ID6lgqcUB3ks5Mn6NQqEYqlsiUMmqm/J3KcaD1OQtuZYDPUi95U/M/zMxNfBzkTaWaoIPNFccaRkWj6P4qYosTwsSWYKGZvRWSIFSbGplS2IXiLLy+T9kXdc+vew2W1cVPEUYJjOIEaeHAFDbiDJrSAgIRneIU3xzgvzrvzMW9dcYqZI/gD5/MHTYaP9A==</latexit><latexit sha1_base64="gvbaHn/Jf+QYdcN1VOhfQtfO+LM=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSLUgyURQY9FL4KXCvYD0lA2m027dLMbdjdCCf0ZXjwo4tVf481/47bNQVsfDDzem2FmXphypo3rfjsrq2vrG5ulrfL2zu7efuXgsK1lpghtEcml6oZYU84EbRlmOO2miuIk5LQTjm6nfueJKs2keDTjlAYJHggWM4KNlfza/bl31ovoAMX9StWtuzOgZeIVpAoFmv3KVy+SJEuoMIRjrX3PTU2QY2UY4XRS7mWappiM8ID6lgqcUB3ks5Mn6NQqEYqlsiUMmqm/J3KcaD1OQtuZYDPUi95U/M/zMxNfBzkTaWaoIPNFccaRkWj6P4qYosTwsSWYKGZvRWSIFSbGplS2IXiLLy+T9kXdc+vew2W1cVPEUYJjOIEaeHAFDbiDJrSAgIRneIU3xzgvzrvzMW9dcYqZI/gD5/MHTYaP9A==</latexit><latexit sha1_base64="gvbaHn/Jf+QYdcN1VOhfQtfO+LM=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSLUgyURQY9FL4KXCvYD0lA2m027dLMbdjdCCf0ZXjwo4tVf481/47bNQVsfDDzem2FmXphypo3rfjsrq2vrG5ulrfL2zu7efuXgsK1lpghtEcml6oZYU84EbRlmOO2miuIk5LQTjm6nfueJKs2keDTjlAYJHggWM4KNlfza/bl31ovoAMX9StWtuzOgZeIVpAoFmv3KVy+SJEuoMIRjrX3PTU2QY2UY4XRS7mWappiM8ID6lgqcUB3ks5Mn6NQqEYqlsiUMmqm/J3KcaD1OQtuZYDPUi95U/M/zMxNfBzkTaWaoIPNFccaRkWj6P4qYosTwsSWYKGZvRWSIFSbGplS2IXiLLy+T9kXdc+vew2W1cVPEUYJjOIEaeHAFDbiDJrSAgIRneIU3xzgvzrvzMW9dcYqZI/gD5/MHTYaP9A==</latexit><latexit sha1_base64="gvbaHn/Jf+QYdcN1VOhfQtfO+LM=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSLUgyURQY9FL4KXCvYD0lA2m027dLMbdjdCCf0ZXjwo4tVf481/47bNQVsfDDzem2FmXphypo3rfjsrq2vrG5ulrfL2zu7efuXgsK1lpghtEcml6oZYU84EbRlmOO2miuIk5LQTjm6nfueJKs2keDTjlAYJHggWM4KNlfza/bl31ovoAMX9StWtuzOgZeIVpAoFmv3KVy+SJEuoMIRjrX3PTU2QY2UY4XRS7mWappiM8ID6lgqcUB3ks5Mn6NQqEYqlsiUMmqm/J3KcaD1OQtuZYDPUi95U/M/zMxNfBzkTaWaoIPNFccaRkWj6P4qYosTwsSWYKGZvRWSIFSbGplS2IXiLLy+T9kXdc+vew2W1cVPEUYJjOIEaeHAFDbiDJrSAgIRneIU3xzgvzrvzMW9dcYqZI/gD5/MHTYaP9A==</latexit>

↵i
<latexit sha1_base64="MDzR1ons9qUy8ZFAUl1vopHRAWk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKpi20oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmKPNpIhLVCVEzwSXzDTeCdVLFMA4Fa4fj25nffmJK80Q+mEnKghiHkkecorFSp4ciHWGf96s1t+7OQVaJV5AaFGj2q1+9QUKzmElDBWrd9dzUBDkqw6lg00ov0yxFOsYh61oqMWY6yOf3TsmZVQYkSpQtachc/T2RY6z1JA5tZ4xmpJe9mfif181MdB3kXKaZYZIuFkWZICYhs+fJgCtGjZhYglRxeyuhI1RIjY2oYkPwll9eJa2LuufWvfvLWuOmiKMMJ3AK5+DBFTTgDprgAwUBz/AKb86j8+K8Ox+L1pJTzBzDHzifPwnAj/Q=</latexit><latexit sha1_base64="MDzR1ons9qUy8ZFAUl1vopHRAWk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKpi20oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmKPNpIhLVCVEzwSXzDTeCdVLFMA4Fa4fj25nffmJK80Q+mEnKghiHkkecorFSp4ciHWGf96s1t+7OQVaJV5AaFGj2q1+9QUKzmElDBWrd9dzUBDkqw6lg00ov0yxFOsYh61oqMWY6yOf3TsmZVQYkSpQtachc/T2RY6z1JA5tZ4xmpJe9mfif181MdB3kXKaZYZIuFkWZICYhs+fJgCtGjZhYglRxeyuhI1RIjY2oYkPwll9eJa2LuufWvfvLWuOmiKMMJ3AK5+DBFTTgDprgAwUBz/AKb86j8+K8Ox+L1pJTzBzDHzifPwnAj/Q=</latexit><latexit sha1_base64="MDzR1ons9qUy8ZFAUl1vopHRAWk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKpi20oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmKPNpIhLVCVEzwSXzDTeCdVLFMA4Fa4fj25nffmJK80Q+mEnKghiHkkecorFSp4ciHWGf96s1t+7OQVaJV5AaFGj2q1+9QUKzmElDBWrd9dzUBDkqw6lg00ov0yxFOsYh61oqMWY6yOf3TsmZVQYkSpQtachc/T2RY6z1JA5tZ4xmpJe9mfif181MdB3kXKaZYZIuFkWZICYhs+fJgCtGjZhYglRxeyuhI1RIjY2oYkPwll9eJa2LuufWvfvLWuOmiKMMJ3AK5+DBFTTgDprgAwUBz/AKb86j8+K8Ox+L1pJTzBzDHzifPwnAj/Q=</latexit><latexit sha1_base64="MDzR1ons9qUy8ZFAUl1vopHRAWk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKpi20oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmKPNpIhLVCVEzwSXzDTeCdVLFMA4Fa4fj25nffmJK80Q+mEnKghiHkkecorFSp4ciHWGf96s1t+7OQVaJV5AaFGj2q1+9QUKzmElDBWrd9dzUBDkqw6lg00ov0yxFOsYh61oqMWY6yOf3TsmZVQYkSpQtachc/T2RY6z1JA5tZ4xmpJe9mfif181MdB3kXKaZYZIuFkWZICYhs+fJgCtGjZhYglRxeyuhI1RIjY2oYkPwll9eJa2LuufWvfvLWuOmiKMMJ3AK5+DBFTTgDprgAwUBz/AKb86j8+K8Ox+L1pJTzBzDHzifPwnAj/Q=</latexit>

�1,�2, . . . ,�K
<latexit sha1_base64="WOvZXJ80NZ9pFb2/eanU1MVd74I=">AAACB3icbVDLSsNAFJ3UV62vqEtBgkVwUUpSBF0W3QhuKtgHNCFMJpN26GQSZm6EErpz46+4caGIW3/BnX/jtM1CWw8Mc+ace7lzT5BypsC2v43Syura+kZ5s7K1vbO7Z+4fdFSSSULbJOGJ7AVYUc4EbQMDTnuppDgOOO0Go+up332gUrFE3MM4pV6MB4JFjGDQkm8euwEF7Du1+d2ouTxMQBXPW9+s2nV7BmuZOAWpogIt3/xyw4RkMRVAOFaq79gpeDmWwAink4qbKZpiMsID2tdU4JgqL5/tMbFOtRJaUSL1EWDN1N8dOY6VGseBrowxDNWiNxX/8/oZRJdezkSaARVkPijKuAWJNQ3FCpmkBPhYE0wk03+1yBBLTEBHV9EhOIsrL5NOo+7YdefuvNq8KuIooyN0gs6Qgy5QE92gFmojgh7RM3pFb8aT8WK8Gx/z0pJR9ByiPzA+fwC2lJiQ</latexit><latexit sha1_base64="WOvZXJ80NZ9pFb2/eanU1MVd74I=">AAACB3icbVDLSsNAFJ3UV62vqEtBgkVwUUpSBF0W3QhuKtgHNCFMJpN26GQSZm6EErpz46+4caGIW3/BnX/jtM1CWw8Mc+ace7lzT5BypsC2v43Syura+kZ5s7K1vbO7Z+4fdFSSSULbJOGJ7AVYUc4EbQMDTnuppDgOOO0Go+up332gUrFE3MM4pV6MB4JFjGDQkm8euwEF7Du1+d2ouTxMQBXPW9+s2nV7BmuZOAWpogIt3/xyw4RkMRVAOFaq79gpeDmWwAink4qbKZpiMsID2tdU4JgqL5/tMbFOtRJaUSL1EWDN1N8dOY6VGseBrowxDNWiNxX/8/oZRJdezkSaARVkPijKuAWJNQ3FCpmkBPhYE0wk03+1yBBLTEBHV9EhOIsrL5NOo+7YdefuvNq8KuIooyN0gs6Qgy5QE92gFmojgh7RM3pFb8aT8WK8Gx/z0pJR9ByiPzA+fwC2lJiQ</latexit><latexit sha1_base64="WOvZXJ80NZ9pFb2/eanU1MVd74I=">AAACB3icbVDLSsNAFJ3UV62vqEtBgkVwUUpSBF0W3QhuKtgHNCFMJpN26GQSZm6EErpz46+4caGIW3/BnX/jtM1CWw8Mc+ace7lzT5BypsC2v43Syura+kZ5s7K1vbO7Z+4fdFSSSULbJOGJ7AVYUc4EbQMDTnuppDgOOO0Go+up332gUrFE3MM4pV6MB4JFjGDQkm8euwEF7Du1+d2ouTxMQBXPW9+s2nV7BmuZOAWpogIt3/xyw4RkMRVAOFaq79gpeDmWwAink4qbKZpiMsID2tdU4JgqL5/tMbFOtRJaUSL1EWDN1N8dOY6VGseBrowxDNWiNxX/8/oZRJdezkSaARVkPijKuAWJNQ3FCpmkBPhYE0wk03+1yBBLTEBHV9EhOIsrL5NOo+7YdefuvNq8KuIooyN0gs6Qgy5QE92gFmojgh7RM3pFb8aT8WK8Gx/z0pJR9ByiPzA+fwC2lJiQ</latexit><latexit sha1_base64="WOvZXJ80NZ9pFb2/eanU1MVd74I=">AAACB3icbVDLSsNAFJ3UV62vqEtBgkVwUUpSBF0W3QhuKtgHNCFMJpN26GQSZm6EErpz46+4caGIW3/BnX/jtM1CWw8Mc+ace7lzT5BypsC2v43Syura+kZ5s7K1vbO7Z+4fdFSSSULbJOGJ7AVYUc4EbQMDTnuppDgOOO0Go+up332gUrFE3MM4pV6MB4JFjGDQkm8euwEF7Du1+d2ouTxMQBXPW9+s2nV7BmuZOAWpogIt3/xyw4RkMRVAOFaq79gpeDmWwAink4qbKZpiMsID2tdU4JgqL5/tMbFOtRJaUSL1EWDN1N8dOY6VGseBrowxDNWiNxX/8/oZRJdezkSaARVkPijKuAWJNQ3FCpmkBPhYE0wk03+1yBBLTEBHV9EhOIsrL5NOo+7YdefuvNq8KuIooyN0gs6Qgy5QE92gFmojgh7RM3pFb8aT8WK8Gx/z0pJR9ByiPzA+fwC2lJiQ</latexit>

u(z) ,
KX

j=1

Xj ·
Y

k 6=j

z � �k

�j � �k
<latexit sha1_base64="IZK1pDwfItJ0DqSMhhNZ/ORL6vY="></latexit><latexit sha1_base64="IZK1pDwfItJ0DqSMhhNZ/ORL6vY="></latexit><latexit sha1_base64="IZK1pDwfItJ0DqSMhhNZ/ORL6vY="></latexit><latexit sha1_base64="IZK1pDwfItJ0DqSMhhNZ/ORL6vY="></latexit>↵1,↵2, . . . ,↵N

<latexit sha1_base64="RtQ3WeOKwzxYwBcP78RySXlnK04=">AAACCnicbZBPS8MwGMbT+W/Of1WPXqJD8DBGOwQ9Dr14kgluDtZS0jTdwtKkJKkwys5e/CpePCji1U/gzW9jtlXQzQcCvzzv+5K8T5gyqrTjfFmlpeWV1bXyemVjc2t7x97d6yiRSUzaWDAhuyFShFFO2ppqRrqpJCgJGbkLh5eT+t09kYoKfqtHKfET1Oc0phhpYwX2oYdYOkCBWyugUfNYJLT6uV8HdtWpO1PBRXALqIJCrcD+9CKBs4RwjRlSquc6qfZzJDXFjIwrXqZIivAQ9UnPIEcJUX4+XWUMj40TwVhIc7iGU/f3RI4SpUZJaDoTpAdqvjYx/6v1Mh2f+znlaaYJx7OH4oxBLeAkFxhRSbBmIwMIS2r+CvEASYS1Sa9iQnDnV16ETqPuOnX35rTavCjiKIMDcAROgAvOQBNcgRZoAwwewBN4Aa/Wo/VsvVnvs9aSVczsgz+yPr4BMVuZ7w==</latexit><latexit sha1_base64="RtQ3WeOKwzxYwBcP78RySXlnK04=">AAACCnicbZBPS8MwGMbT+W/Of1WPXqJD8DBGOwQ9Dr14kgluDtZS0jTdwtKkJKkwys5e/CpePCji1U/gzW9jtlXQzQcCvzzv+5K8T5gyqrTjfFmlpeWV1bXyemVjc2t7x97d6yiRSUzaWDAhuyFShFFO2ppqRrqpJCgJGbkLh5eT+t09kYoKfqtHKfET1Oc0phhpYwX2oYdYOkCBWyugUfNYJLT6uV8HdtWpO1PBRXALqIJCrcD+9CKBs4RwjRlSquc6qfZzJDXFjIwrXqZIivAQ9UnPIEcJUX4+XWUMj40TwVhIc7iGU/f3RI4SpUZJaDoTpAdqvjYx/6v1Mh2f+znlaaYJx7OH4oxBLeAkFxhRSbBmIwMIS2r+CvEASYS1Sa9iQnDnV16ETqPuOnX35rTavCjiKIMDcAROgAvOQBNcgRZoAwwewBN4Aa/Wo/VsvVnvs9aSVczsgz+yPr4BMVuZ7w==</latexit><latexit sha1_base64="RtQ3WeOKwzxYwBcP78RySXlnK04=">AAACCnicbZBPS8MwGMbT+W/Of1WPXqJD8DBGOwQ9Dr14kgluDtZS0jTdwtKkJKkwys5e/CpePCji1U/gzW9jtlXQzQcCvzzv+5K8T5gyqrTjfFmlpeWV1bXyemVjc2t7x97d6yiRSUzaWDAhuyFShFFO2ppqRrqpJCgJGbkLh5eT+t09kYoKfqtHKfET1Oc0phhpYwX2oYdYOkCBWyugUfNYJLT6uV8HdtWpO1PBRXALqIJCrcD+9CKBs4RwjRlSquc6qfZzJDXFjIwrXqZIivAQ9UnPIEcJUX4+XWUMj40TwVhIc7iGU/f3RI4SpUZJaDoTpAdqvjYx/6v1Mh2f+znlaaYJx7OH4oxBLeAkFxhRSbBmIwMIS2r+CvEASYS1Sa9iQnDnV16ETqPuOnX35rTavCjiKIMDcAROgAvOQBNcgRZoAwwewBN4Aa/Wo/VsvVnvs9aSVczsgz+yPr4BMVuZ7w==</latexit><latexit sha1_base64="RtQ3WeOKwzxYwBcP78RySXlnK04=">AAACCnicbZBPS8MwGMbT+W/Of1WPXqJD8DBGOwQ9Dr14kgluDtZS0jTdwtKkJKkwys5e/CpePCji1U/gzW9jtlXQzQcCvzzv+5K8T5gyqrTjfFmlpeWV1bXyemVjc2t7x97d6yiRSUzaWDAhuyFShFFO2ppqRrqpJCgJGbkLh5eT+t09kYoKfqtHKfET1Oc0phhpYwX2oYdYOkCBWyugUfNYJLT6uV8HdtWpO1PBRXALqIJCrcD+9CKBs4RwjRlSquc6qfZzJDXFjIwrXqZIivAQ9UnPIEcJUX4+XWUMj40TwVhIc7iGU/f3RI4SpUZJaDoTpAdqvjYx/6v1Mh2f+znlaaYJx7OH4oxBLeAkFxhRSbBmIwMIS2r+CvEASYS1Sa9iQnDnV16ETqPuOnX35rTavCjiKIMDcAROgAvOQBNcgRZoAwwewBN4Aa/Wo/VsvVnvs9aSVczsgz+yPr4BMVuZ7w==</latexit>

X̃i = u(↵i)
<latexit sha1_base64="ndMS8hJd59DF3EhxIkfzTRR8fXs=">AAACAnicbVBNS8NAEJ34WetX1JN4WSxCvZREBL0IRS8eK9gPaELYbLbt0s0m7G6EEooX/4oXD4p49Vd489+4bXPQ1gcDj/dmmJkXppwp7Tjf1tLyyuraemmjvLm1vbNr7+23VJJJQpsk4YnshFhRzgRtaqY57aSS4jjktB0ObyZ++4FKxRJxr0cp9WPcF6zHCNZGCuxDTzMe0bwzDhi6QlnVwzwd4ICdBnbFqTlToEXiFqQCBRqB/eVFCcliKjThWKmu66Taz7HUjHA6LnuZoikmQ9ynXUMFjqny8+kLY3RilAj1EmlKaDRVf0/kOFZqFIemM8Z6oOa9ifif181079LPmUgzTQWZLeplHOkETfJAEZOUaD4yBBPJzK2IDLDERJvUyiYEd/7lRdI6q7lOzb07r9SvizhKcATHUAUXLqAOt9CAJhB4hGd4hTfryXqx3q2PWeuSVcwcwB9Ynz8h/5aY</latexit><latexit sha1_base64="ndMS8hJd59DF3EhxIkfzTRR8fXs=">AAACAnicbVBNS8NAEJ34WetX1JN4WSxCvZREBL0IRS8eK9gPaELYbLbt0s0m7G6EEooX/4oXD4p49Vd489+4bXPQ1gcDj/dmmJkXppwp7Tjf1tLyyuraemmjvLm1vbNr7+23VJJJQpsk4YnshFhRzgRtaqY57aSS4jjktB0ObyZ++4FKxRJxr0cp9WPcF6zHCNZGCuxDTzMe0bwzDhi6QlnVwzwd4ICdBnbFqTlToEXiFqQCBRqB/eVFCcliKjThWKmu66Taz7HUjHA6LnuZoikmQ9ynXUMFjqny8+kLY3RilAj1EmlKaDRVf0/kOFZqFIemM8Z6oOa9ifif181079LPmUgzTQWZLeplHOkETfJAEZOUaD4yBBPJzK2IDLDERJvUyiYEd/7lRdI6q7lOzb07r9SvizhKcATHUAUXLqAOt9CAJhB4hGd4hTfryXqx3q2PWeuSVcwcwB9Ynz8h/5aY</latexit><latexit sha1_base64="ndMS8hJd59DF3EhxIkfzTRR8fXs=">AAACAnicbVBNS8NAEJ34WetX1JN4WSxCvZREBL0IRS8eK9gPaELYbLbt0s0m7G6EEooX/4oXD4p49Vd489+4bXPQ1gcDj/dmmJkXppwp7Tjf1tLyyuraemmjvLm1vbNr7+23VJJJQpsk4YnshFhRzgRtaqY57aSS4jjktB0ObyZ++4FKxRJxr0cp9WPcF6zHCNZGCuxDTzMe0bwzDhi6QlnVwzwd4ICdBnbFqTlToEXiFqQCBRqB/eVFCcliKjThWKmu66Taz7HUjHA6LnuZoikmQ9ynXUMFjqny8+kLY3RilAj1EmlKaDRVf0/kOFZqFIemM8Z6oOa9ifif181079LPmUgzTQWZLeplHOkETfJAEZOUaD4yBBPJzK2IDLDERJvUyiYEd/7lRdI6q7lOzb07r9SvizhKcATHUAUXLqAOt9CAJhB4hGd4hTfryXqx3q2PWeuSVcwcwB9Ynz8h/5aY</latexit><latexit sha1_base64="ndMS8hJd59DF3EhxIkfzTRR8fXs=">AAACAnicbVBNS8NAEJ34WetX1JN4WSxCvZREBL0IRS8eK9gPaELYbLbt0s0m7G6EEooX/4oXD4p49Vd489+4bXPQ1gcDj/dmmJkXppwp7Tjf1tLyyuraemmjvLm1vbNr7+23VJJJQpsk4YnshFhRzgRtaqY57aSS4jjktB0ObyZ++4FKxRJxr0cp9WPcF6zHCNZGCuxDTzMe0bwzDhi6QlnVwzwd4ICdBnbFqTlToEXiFqQCBRqB/eVFCcliKjThWKmu66Taz7HUjHA6LnuZoikmQ9ynXUMFjqny8+kLY3RilAj1EmlKaDRVf0/kOFZqFIemM8Z6oOa9ifif181079LPmUgzTQWZLeplHOkETfJAEZOUaD4yBBPJzK2IDLDERJvUyiYEd/7lRdI6q7lOzb07r9SvizhKcATHUAUXLqAOt9CAJhB4hGd4hTfryXqx3q2PWeuSVcwcwB9Ynz8h/5aY</latexit>

Oblivious	of	the	computation	
&	

Incremental	

f(u(z))
<latexit sha1_base64="EIeqXPHR9NWCFq800athFkFSsvk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahvZREBD0WvXisYFuhDWWz3bRLN5uwOxFq6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrh4AaLoXiLRQo+UOiOY0CyTvB+Gbmdx65NiJW9zhJuB/RoRKhYBSt1AmrafWpVuuXK27dnYOsEi8nFcjR7Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuiuGVnwmVpMgVWywKU0kwJrPfyUBozlBOLKFMC3srYSOqKUObUMmG4C2/vEra53XPrXt3F5XGdR5HEU7gFKrgwSU04Baa0AIGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8ADvyOtw==</latexit><latexit sha1_base64="EIeqXPHR9NWCFq800athFkFSsvk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahvZREBD0WvXisYFuhDWWz3bRLN5uwOxFq6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrh4AaLoXiLRQo+UOiOY0CyTvB+Gbmdx65NiJW9zhJuB/RoRKhYBSt1AmrafWpVuuXK27dnYOsEi8nFcjR7Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuiuGVnwmVpMgVWywKU0kwJrPfyUBozlBOLKFMC3srYSOqKUObUMmG4C2/vEra53XPrXt3F5XGdR5HEU7gFKrgwSU04Baa0AIGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8ADvyOtw==</latexit><latexit sha1_base64="EIeqXPHR9NWCFq800athFkFSsvk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahvZREBD0WvXisYFuhDWWz3bRLN5uwOxFq6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrh4AaLoXiLRQo+UOiOY0CyTvB+Gbmdx65NiJW9zhJuB/RoRKhYBSt1AmrafWpVuuXK27dnYOsEi8nFcjR7Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuiuGVnwmVpMgVWywKU0kwJrPfyUBozlBOLKFMC3srYSOqKUObUMmG4C2/vEra53XPrXt3F5XGdR5HEU7gFKrgwSU04Baa0AIGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8ADvyOtw==</latexit><latexit sha1_base64="EIeqXPHR9NWCFq800athFkFSsvk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahvZREBD0WvXisYFuhDWWz3bRLN5uwOxFq6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrh4AaLoXiLRQo+UOiOY0CyTvB+Gbmdx65NiJW9zhJuB/RoRKhYBSt1AmrafWpVuuXK27dnYOsEi8nFcjR7Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuiuGVnwmVpMgVWywKU0kwJrPfyUBozlBOLKFMC3srYSOqKUObUMmG4C2/vEra53XPrXt3F5XGdR5HEU7gFKrgwSU04Baa0AIGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8ADvyOtw==</latexit>

(K � 1) deg f + 1
<latexit sha1_base64="Jgvb+etPuR5q0nQUSCngW0HW+Ik=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BItQEctGBD0WvQheKtgPaJeSTWfb0Gx2TbKFsvR3ePGgiFd/jDf/jWm7B219MPB4b4aZeX4suDau++3kVlbX1jfym4Wt7Z3dveL+QUNHiWJQZ5GIVMunGgSXUDfcCGjFCmjoC2j6w9up3xyB0jySj2YcgxfSvuQBZ9RYySvfn5PTTg/6ODgj3WLJrbgz4GVCMlJCGWrd4lenF7EkBGmYoFq3iRsbL6XKcCZgUugkGmLKhrQPbUslDUF76ezoCT6xSg8HkbIlDZ6pvydSGmo9Dn3bGVIz0IveVPzPaycmuPZSLuPEgGTzRUEisInwNAHc4wqYEWNLKFPc3orZgCrKjM2pYEMgiy8vk8ZFhbgV8nBZqt5kceTRETpGZUTQFaqiO1RDdcTQE3pGr+jNGTkvzrvzMW/NOdnMIfoD5/MHKTqQZA==</latexit><latexit sha1_base64="Jgvb+etPuR5q0nQUSCngW0HW+Ik=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BItQEctGBD0WvQheKtgPaJeSTWfb0Gx2TbKFsvR3ePGgiFd/jDf/jWm7B219MPB4b4aZeX4suDau++3kVlbX1jfym4Wt7Z3dveL+QUNHiWJQZ5GIVMunGgSXUDfcCGjFCmjoC2j6w9up3xyB0jySj2YcgxfSvuQBZ9RYySvfn5PTTg/6ODgj3WLJrbgz4GVCMlJCGWrd4lenF7EkBGmYoFq3iRsbL6XKcCZgUugkGmLKhrQPbUslDUF76ezoCT6xSg8HkbIlDZ6pvydSGmo9Dn3bGVIz0IveVPzPaycmuPZSLuPEgGTzRUEisInwNAHc4wqYEWNLKFPc3orZgCrKjM2pYEMgiy8vk8ZFhbgV8nBZqt5kceTRETpGZUTQFaqiO1RDdcTQE3pGr+jNGTkvzrvzMW/NOdnMIfoD5/MHKTqQZA==</latexit><latexit sha1_base64="Jgvb+etPuR5q0nQUSCngW0HW+Ik=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BItQEctGBD0WvQheKtgPaJeSTWfb0Gx2TbKFsvR3ePGgiFd/jDf/jWm7B219MPB4b4aZeX4suDau++3kVlbX1jfym4Wt7Z3dveL+QUNHiWJQZ5GIVMunGgSXUDfcCGjFCmjoC2j6w9up3xyB0jySj2YcgxfSvuQBZ9RYySvfn5PTTg/6ODgj3WLJrbgz4GVCMlJCGWrd4lenF7EkBGmYoFq3iRsbL6XKcCZgUugkGmLKhrQPbUslDUF76ezoCT6xSg8HkbIlDZ6pvydSGmo9Dn3bGVIz0IveVPzPaycmuPZSLuPEgGTzRUEisInwNAHc4wqYEWNLKFPc3orZgCrKjM2pYEMgiy8vk8ZFhbgV8nBZqt5kceTRETpGZUTQFaqiO1RDdcTQE3pGr+jNGTkvzrvzMW/NOdnMIfoD5/MHKTqQZA==</latexit><latexit sha1_base64="Jgvb+etPuR5q0nQUSCngW0HW+Ik=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BItQEctGBD0WvQheKtgPaJeSTWfb0Gx2TbKFsvR3ePGgiFd/jDf/jWm7B219MPB4b4aZeX4suDau++3kVlbX1jfym4Wt7Z3dveL+QUNHiWJQZ5GIVMunGgSXUDfcCGjFCmjoC2j6w9up3xyB0jySj2YcgxfSvuQBZ9RYySvfn5PTTg/6ODgj3WLJrbgz4GVCMlJCGWrd4lenF7EkBGmYoFq3iRsbL6XKcCZgUugkGmLKhrQPbUslDUF76ezoCT6xSg8HkbIlDZ6pvydSGmo9Dn3bGVIz0IveVPzPaycmuPZSLuPEgGTzRUEisInwNAHc4wqYEWNLKFPc3orZgCrKjM2pYEMgiy8vk8ZFhbgV8nBZqt5kceTRETpGZUTQFaqiO1RDdcTQE3pGr+jNGTkvzrvzMW/NOdnMIfoD5/MHKTqQZA==</latexit>

z = �j
<latexit sha1_base64="hRCTC4dA0k9guetPDEJW8CuHhKg=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNdtOu3WzC7kSooT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbqtx65NiJW9zhOuB/RgRKhYBSt1HkiV6QbcKS9h1654lbdGcgy8XJSgRz1Xvmr249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezkyfkxCp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF76mVBJilyx+aIwlQRjMv2f9IXmDOXYEsq0sLcSNqSaMrQplWwI3uLLy6R5VvXcqnd3Xqld53EU4QiO4RQ8uIAa3EIdGsAghmd4hTcHnRfn3fmYtxacfOYQ/sD5/AFVs5Cg</latexit><latexit sha1_base64="hRCTC4dA0k9guetPDEJW8CuHhKg=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNdtOu3WzC7kSooT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbqtx65NiJW9zhOuB/RgRKhYBSt1HkiV6QbcKS9h1654lbdGcgy8XJSgRz1Xvmr249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezkyfkxCp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF76mVBJilyx+aIwlQRjMv2f9IXmDOXYEsq0sLcSNqSaMrQplWwI3uLLy6R5VvXcqnd3Xqld53EU4QiO4RQ8uIAa3EIdGsAghmd4hTcHnRfn3fmYtxacfOYQ/sD5/AFVs5Cg</latexit><latexit sha1_base64="hRCTC4dA0k9guetPDEJW8CuHhKg=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNdtOu3WzC7kSooT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbqtx65NiJW9zhOuB/RgRKhYBSt1HkiV6QbcKS9h1654lbdGcgy8XJSgRz1Xvmr249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezkyfkxCp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF76mVBJilyx+aIwlQRjMv2f9IXmDOXYEsq0sLcSNqSaMrQplWwI3uLLy6R5VvXcqnd3Xqld53EU4QiO4RQ8uIAa3EIdGsAghmd4hTcHnRfn3fmYtxacfOYQ/sD5/AFVs5Cg</latexit><latexit sha1_base64="hRCTC4dA0k9guetPDEJW8CuHhKg=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNdtOu3WzC7kSooT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbqtx65NiJW9zhOuB/RgRKhYBSt1HkiV6QbcKS9h1654lbdGcgy8XJSgRz1Xvmr249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezkyfkxCp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF76mVBJilyx+aIwlQRjMv2f9IXmDOXYEsq0sLcSNqSaMrQplWwI3uLLy6R5VvXcqnd3Xqld53EU4QiO4RQ8uIAa3EIdGsAghmd4hTcHnRfn3fmYtxacfOYQ/sD5/AFVs5Cg</latexit>

f(u(�j)) = f(Xj)
<latexit sha1_base64="s68AthpYdj4Q/GDdSLTvfs9THTE=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTNYhHRTEhF0IxTduKxgL9CGMJlO2tHJJMycCKV24au4caGIW1/DnW/jtM1CW38Y+PjPOZwzf5gKrsF1v63C0vLK6lpxvbSxubW9Y+/uNXWSKcoaNBGJaodEM8ElawAHwdqpYiQOBWuF91eTeuuBKc0TeQvDlPkx6UsecUrAWIF9EDmZ0w0ZkOCuUsEXOHLahgK77FbdqfAieDmUUa56YH91ewnNYiaBCqJ1x3NT8EdEAaeCjUvdTLOU0HvSZx2DksRM+6Pp/WN8bJwejhJlngQ8dX9PjEis9TAOTWdMYKDnaxPzv1ong+jcH3GZZsAknS2KMoEhwZMwcI8rRkEMDRCquLkV0wFRhIKJrGRC8Oa/vAjNk6rnVr2b03LtMo+jiA7REXKQh85QDV2jOmogih7RM3pFb9aT9WK9Wx+z1oKVz+yjP7I+fwDxfZQa</latexit><latexit sha1_base64="s68AthpYdj4Q/GDdSLTvfs9THTE=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTNYhHRTEhF0IxTduKxgL9CGMJlO2tHJJMycCKV24au4caGIW1/DnW/jtM1CW38Y+PjPOZwzf5gKrsF1v63C0vLK6lpxvbSxubW9Y+/uNXWSKcoaNBGJaodEM8ElawAHwdqpYiQOBWuF91eTeuuBKc0TeQvDlPkx6UsecUrAWIF9EDmZ0w0ZkOCuUsEXOHLahgK77FbdqfAieDmUUa56YH91ewnNYiaBCqJ1x3NT8EdEAaeCjUvdTLOU0HvSZx2DksRM+6Pp/WN8bJwejhJlngQ8dX9PjEis9TAOTWdMYKDnaxPzv1ong+jcH3GZZsAknS2KMoEhwZMwcI8rRkEMDRCquLkV0wFRhIKJrGRC8Oa/vAjNk6rnVr2b03LtMo+jiA7REXKQh85QDV2jOmogih7RM3pFb9aT9WK9Wx+z1oKVz+yjP7I+fwDxfZQa</latexit><latexit sha1_base64="s68AthpYdj4Q/GDdSLTvfs9THTE=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTNYhHRTEhF0IxTduKxgL9CGMJlO2tHJJMycCKV24au4caGIW1/DnW/jtM1CW38Y+PjPOZwzf5gKrsF1v63C0vLK6lpxvbSxubW9Y+/uNXWSKcoaNBGJaodEM8ElawAHwdqpYiQOBWuF91eTeuuBKc0TeQvDlPkx6UsecUrAWIF9EDmZ0w0ZkOCuUsEXOHLahgK77FbdqfAieDmUUa56YH91ewnNYiaBCqJ1x3NT8EdEAaeCjUvdTLOU0HvSZx2DksRM+6Pp/WN8bJwejhJlngQ8dX9PjEis9TAOTWdMYKDnaxPzv1ong+jcH3GZZsAknS2KMoEhwZMwcI8rRkEMDRCquLkV0wFRhIKJrGRC8Oa/vAjNk6rnVr2b03LtMo+jiA7REXKQh85QDV2jOmogih7RM3pFb9aT9WK9Wx+z1oKVz+yjP7I+fwDxfZQa</latexit><latexit sha1_base64="s68AthpYdj4Q/GDdSLTvfs9THTE=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTNYhHRTEhF0IxTduKxgL9CGMJlO2tHJJMycCKV24au4caGIW1/DnW/jtM1CW38Y+PjPOZwzf5gKrsF1v63C0vLK6lpxvbSxubW9Y+/uNXWSKcoaNBGJaodEM8ElawAHwdqpYiQOBWuF91eTeuuBKc0TeQvDlPkx6UsecUrAWIF9EDmZ0w0ZkOCuUsEXOHLahgK77FbdqfAieDmUUa56YH91ewnNYiaBCqJ1x3NT8EdEAaeCjUvdTLOU0HvSZx2DksRM+6Pp/WN8bJwejhJlngQ8dX9PjEis9TAOTWdMYKDnaxPzv1ong+jcH3GZZsAknS2KMoEhwZMwcI8rRkEMDRCquLkV0wFRhIKJrGRC8Oa/vAjNk6rnVr2b03LtMo+jiA7REXKQh85QDV2jOmogih7RM3pFb9aT9WK9Wx+z1oKVz+yjP7I+fwDxfZQa</latexit>



Lagrange	Coded	Computing	

•  Applies	to	arbitrary	polynomials	beyond	linear	functions	(General	Matrix	algebra,	tensor	algebra,	loss	functions	in	ML,	…)		

•  A	replication	scheme	would	need	the	results	of		
–  Example	(N=100,	K=10,	deg=2):	LCC	needs	the	results	of	19	workers	while	replication	schemes	need	91!	

•  The	optimal	recovery	threshold	of	LCC	does	not	scale	with	N		
–  Adding	one	more	worker,	increases	the	resiliency	of	LCC	by	1	
–  Faster	computation	using	more	workers	

•  Lagrange	Coded	Computing	(LCC)	maps	edge	computing	to	polynomial	interpolation	that	can	be	solved	
effectively	using	information	and	coding	theories	

To	evaluate	an	arbitrary	multivariate	polynomial	f	on	K	input	data	
blocks	using	N	workers,	the	optimal	recovery	threshold	T*	is	

Theorem:		

T ⇤ = (K � 1) deg f + 1
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Qian	Yu,	Songze	Li,	Netanel	Raviv,	Seyed	Mohammadreza	Mousavi	Kalan,	Mahdi	Soltanolkotabi,	Salman	Avestimehr,	“Lagrange	Coded	
Computing:	Optimal	Design	for	Resiliency,	Security	and	Privacy”,	AISTATS	2019.	

K � 1

K
N + 1



How	about	malicious	nodes?	

To	evaluate	an	arbitrary	multivariate	polynomial	f	on	K	input	data	
blocks	using	N	workers,	with	possibly	A	adversary	nodes,		the	
optimal	recovery	threshold	T*	is	

Theorem:		

T ⇤ = (K � 1) deg f + 2A+ 1

Wants to compute f(X1), f(X2), …, f(XK)

X1 X2 Xk

f(X1)
f(X2)

f(Xk)

…

Adding	one	more	worker	increases	the	resiliency	to	adversaries	by	1/2	



How	about	private	computing?	

Wants to compute f(X1), f(X2), …, f(XK)

X1 X2 Xk

f(X1)
f(X2)

f(Xk)

…

•  If there are T colluding workers: pad the dataset (X1, …, XK) set with Z1, …, ZT 

•  We need to only recover a polynomial with higher degree 
u(z) ,

X

j2[K]

Xj ·
Y

k2[K+T ]\{j}

z � �k

�j � �k

+
K+TX

j=K+1

Zj ·
Y

k2[K+T ]\{j}

z � �k

�j � �k
.



Example	
•  Data set, X1, X2 (square matrices) 

•  Computation: f(X)=X2 

•  N=7 workers 

•  Guarantee information-theoretic privacy of the data set at each worker 

LCC Encoding: u(z) , X1 ·
(z � 2)(z � 3)

(1� 2)(1� 3)
+X2 ·

(z � 1)(z � 3)

(2� 1)(2� 3)
+ Z · (z � 1)(z � 2)

(3� 1)(3� 2)
,

X̃1 = u(↵1) X̃2 = u(↵2) X̃3 = u(↵3) X̃4 = u(↵4) X̃5 = u(↵5) X̃6 = u(↵6) X̃7 = u(↵7)

f(X̃1) f(X̃2) f(X̃3) f(X̃4) f(X̃5) f(X̃6) f(X̃7)

f(u(z)) is a degree 4 polynomial can also tolerate 1 adversary 



How	about	private	computing?	

To	evaluate	an	arbitrary	multivariate	polynomial	f	on	K	input	data	
blocks	using	N	workers,	with	possibly	A	adversary	T	colluding	
nodes,	Lagrange	Coded	Computing	achieves	recovery	threshold	of	

Theorem:		

(K + T � 1) deg f + 2A+ 1

Wants to compute f(X1), f(X2), …, f(XK)

X1 X2 Xk

f(X1)
f(X2)

f(Xk)

…



Application	to	Distributed	Learning	

•  The	loss	calculation	in	gradient	methods	can	be	modeled	as	a	polynomial	
•  Can	leverage	LCC	to	speed-up	computations		

1

Polynomially Coded Regression: Optimal Straggler
Mitigation via Data Encoding

Songze Li, Seyed Mohammadreza Mousavi Kalan, Qian Yu, Mahdi Soltanolkotabi, and A. Salman Avestimehr
Department of Electrical Engineering, University of Southern California, Los Angeles, CA, USA

Abstract
We consider the problem of training a least-squares regression model on a large dataset using gradient descent. The computation

is carried out on a distributed system consisting of a master node and multiple worker nodes. Such distributed systems are
significantly slowed down due to the presence of slow-running machines (stragglers) as well as various communication bottlenecks.
We propose “polynomially coded regression” (PCR) that substantially reduces the effect of stragglers and lessens the communication
burden in such systems. The key idea of PCR is to encode the partial data stored at each worker, such that the computations at
the workers can be viewed as evaluating a polynomial at distinct points. This allows the master to compute the final gradient by
interpolating this polynomial. PCR significantly reduces the recovery threshold, defined as the number of workers the master has
to wait for prior to computing the gradient. In particular, PCR requires a recovery threshold that scales inversely proportionally
with the amount of computation/storage available at each worker. In comparison, state-of-the-art straggler-mitigation schemes
require a much higher recovery threshold that only decreases linearly in the per worker computation/storage load. We prove that
PCR’s recovery threshold is near minimal and within a factor two of the best possible scheme. Our experiments over Amazon EC2
demonstrate that compared with state-of-the-art schemes, PCR improves the run-time by 1.50⇥⇠2.36⇥ with naturally occurring
stragglers, and by as much as 2.58⇥⇠4.29⇥ with artificial stragglers.

I. INTRODUCTION

Modern machine learning models have achieved unprecedented performance on a wide range of complex tasks, such as
object detection and face recognition. These models often consist of hundreds or even thousands of layers involving hundreds of
millions of parameters, which need to be trained over massively large datasets. As a result, many distributed learning systems
have been developed to parallelize the storage and processing of the data onto multiple cores on a single machine, or multiple
machines in computing clusters (see, e.g., [1]–[4]).

Gradient-based methods such as Gradient Descent (GD) serve as a workhorse for training such models by iteratively refining
learning models over the training data. To scale gradient methods to handle massive amounts of training data, developing
parallel/distributed implementations of gradient descent over multiple cores or GPUs on a single machine, or multiple machines
in computing clusters is crucial. A common approach to distributing GD is via a master/worker system where the training data
is distributed by a master node across multiple worker nodes. Each worker computes a partial gradient based on its locally
stored data partition and sends it to the master, who aggregates all partial gradients to update the model parameters.

However, as we scale out training and computations across many distributed nodes new challenges arise. For instance, in the
master/worker system mentioned above, the master needs to wait for the results from all workers to aggregate the full gradient.
Therefore, the run-time of each iteration of distributed GD may be limited by the slowest worker (in terms of computation or
communication). These slow or stragglar nodes significantly slow down distributed GD and have been widely observed to
be a major performance bottleneck in distributed computing systems in general [5]–[7]. For example, it was experimentally
demonstrated in [5] that the straggler’s effect can prolong the job execution time by as much as 5 times. Furthermore, as we
distribute computations across many nodes, massive amounts of partially computed data must be moved between them. This is
frequently performed over many iterations and creates a substantial communication bottleneck (e.g., to/from the master node).

There has recently been an exciting surge of coding-theoretic strategies to mitigate straggler and bandwidth bottlenecks (see,
e.g., [8]–[15]). The key idea behind these strategies is to inject computation redundancy in coded and/or structured forms to
avoid stragglers and reduce the communication load. In particular, in the context of the above distributed GD architecture,
“gradient coding”(GC) has been proposed in [16] to effectively leverage extra computation/storage at the the workers in order to
enable the master node to tolerate missing results from a random subset of stragglers. For a system consisting of n workers
and a training dataset partitioned into n batches, the core idea underlying GC is to first allocate 1  r  n data batches onto
each worker, and then design a linear combination of the r partial gradients computed from the local data batches, and send
it to the master. These linear combinations are designed such that the master can recover the full gradient (i.e., the sum of
all partial gradients) by linearly combining the results from any subset of n� r + 1 workers, achieving a robustness to r � 1
stragglers. In other words, GC achieves a recovery threshold (i.e., the number of workers that the master needs to wait for in
order to compute the final gradient), denoted by KGC(r), of

KGC(r) = n� r + 1. (1)

There have been several works proposed in the literature to further improve GC [17]–[20]. In particular, a “batched coupon’s
collector”(BCC) algorithm was proposed in [19], which utilizes random data placement to achieve an average recovery threshold
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Fig. 3: Run-time comparison of the uncoded, the GC (cyclic repetition), and the PCR schemes on EC2 clusters. Scenarios 1 and
2 use n = 40 workers, while scenarios 3 and 4 use n = 30 workers. In scenarios 2 and 4, we artificially delayed each worker
for 0.5 s with probability 5%. In all scenarios, the computation/storage load r of GC and PCR were chosen to minimize their
total run-times.

schemes # batches processed recovery communication computation total run-timeat each worker (r) threshold time time
uncoded 1 40 24.125 s 0.237 s 24.362 s

GC 10 31 6.033 s 2.431 s 8.464 s
PCR 10 7 1.719 s 1.868 s 3.587 s

TABLE III: Breakdowns of the run-times in scenario one with n = 40 workers.

schemes # batches processed recovery communication computation total run-timeat each worker (r) threshold time time
uncoded 1 40 7.928 s 44.772 s 52.700 s

GC 10 31 14.42 s 2.401 s 16.821 s
PCR 10 7 2.019 s 1.906 s 3.925 s

TABLE IV: Breakdowns of the run-times in scenario two with n = 40 workers.

schemes # batches processed recovery communication computation total run-timeat each worker (r) threshold time time
uncoded 1 30 16.731 s 0.230 s 16.961 s

GC 10 21 2.617 s 2.216 s 4.833 s
PCR 10 5 1.373 s 1.848 s 3.221 s

TABLE V: Breakdowns of the run-times in scenario three with n = 30 workers.

schemes # batches processed recovery communication computation total run-timeat each worker (r) threshold time time
uncoded 1 30 9.556 s 37.261 s 46.817 s

GC 10 21 7.393 s 2.260 s 9.653 s
PCR 10 5 1.857 s 1.879 s 3.736 s

TABLE VI: Breakdowns of the run-times in scenario four with n = 30 workers.

iterations. The communication time is computed as the difference between the total run-time and the computation time. Finally,
we plot the CDFs of the per iteration run-time for the PCR and BCC schemes in the four scenarios in Figure 4.

Based on the results, we draw the following conclusions.
• In scenarios one and two, PCR allows the system to tolerate 24 more stragglers than GC. In scenarios three and four, PCR

tolerates 16 more stragglers than GC. Over the four scenarios, with naturally occurring stragglers, PCR speeds up the job
execution of the uncoded scheme by 5.27⇥⇠6.79⇥, and the GC scheme by 1.50⇥⇠2.36⇥. With artificial stragglers, PCR
speeds up the job execution of the uncoded scheme by 12.53⇥⇠13.43⇥, and the GC scheme by 2.58⇥⇠4.29⇥.

• The run-time improvements of PCR over the uncoded and the GC schemes become more significant as the size of the network
increases. This is because that the recovery threshold of PCR scales inversely proportionally to the computation/storage load
at each worker, and it increases much slower than the other two schemes when increasing the number of workers. Due to the

9

scenario one scenario two scenario three scenario four

0

20

40

To
ta

lr
un

-ti
m

e,
se

co
nd

s

uncoded scheme GC(cyclic repetition scheme) PCR

Fig. 3: Run-time comparison of the uncoded, the GC (cyclic repetition), and the PCR schemes on EC2 clusters. Scenarios 1 and
2 use n = 40 workers, while scenarios 3 and 4 use n = 30 workers. In scenarios 2 and 4, we artificially delayed each worker
for 0.5 s with probability 5%. In all scenarios, the computation/storage load r of GC and PCR were chosen to minimize their
total run-times.

schemes # batches processed recovery communication computation total run-timeat each worker (r) threshold time time
uncoded 1 40 24.125 s 0.237 s 24.362 s

GC 10 31 6.033 s 2.431 s 8.464 s
PCR 10 7 1.719 s 1.868 s 3.587 s

TABLE III: Breakdowns of the run-times in scenario one with n = 40 workers.

schemes # batches processed recovery communication computation total run-timeat each worker (r) threshold time time
uncoded 1 40 7.928 s 44.772 s 52.700 s

GC 10 31 14.42 s 2.401 s 16.821 s
PCR 10 7 2.019 s 1.906 s 3.925 s

TABLE IV: Breakdowns of the run-times in scenario two with n = 40 workers.

schemes # batches processed recovery communication computation total run-timeat each worker (r) threshold time time
uncoded 1 30 16.731 s 0.230 s 16.961 s

GC 10 21 2.617 s 2.216 s 4.833 s
PCR 10 5 1.373 s 1.848 s 3.221 s

TABLE V: Breakdowns of the run-times in scenario three with n = 30 workers.

schemes # batches processed recovery communication computation total run-timeat each worker (r) threshold time time
uncoded 1 30 9.556 s 37.261 s 46.817 s

GC 10 21 7.393 s 2.260 s 9.653 s
PCR 10 5 1.857 s 1.879 s 3.736 s

TABLE VI: Breakdowns of the run-times in scenario four with n = 30 workers.

iterations. The communication time is computed as the difference between the total run-time and the computation time. Finally,
we plot the CDFs of the per iteration run-time for the PCR and BCC schemes in the four scenarios in Figure 4.

Based on the results, we draw the following conclusions.
• In scenarios one and two, PCR allows the system to tolerate 24 more stragglers than GC. In scenarios three and four, PCR

tolerates 16 more stragglers than GC. Over the four scenarios, with naturally occurring stragglers, PCR speeds up the job
execution of the uncoded scheme by 5.27⇥⇠6.79⇥, and the GC scheme by 1.50⇥⇠2.36⇥. With artificial stragglers, PCR
speeds up the job execution of the uncoded scheme by 12.53⇥⇠13.43⇥, and the GC scheme by 2.58⇥⇠4.29⇥.

• The run-time improvements of PCR over the uncoded and the GC schemes become more significant as the size of the network
increases. This is because that the recovery threshold of PCR scales inversely proportionally to the computation/storage load
at each worker, and it increases much slower than the other two schemes when increasing the number of workers. Due to the

•  Linear regression 

•  40 workers 

•  Amazon EC2 



Application	to	Blockchains	

•  There	is	a	surge	of	interest	to	use	“sharding”	to	increase	the	efficiency	and	throughput	of	
blockchains,	but	…	

Ledger

record of all transactions

Shard-A Shard-B Shard-C



Application	to	Blockchains	

•  We	have	developed	the	concept	of	coded	sharding,	in	particular	polyshard	that	leverages	LCC	

Shard-A Shard-B Shard-C

decisiondecision decision

Coded
Shard



Application	to	Blockchains	

•  We	have	developed	the	concept	of	coded	sharding,	in	particular	polyshard	that	leverages	LCC	

1

PolyShard: Coded Sharding Achieves Linearly
Scaling Efficiency and Security Simultaneously

Songze Li⇤, Mingchao Yu⇤, A. Salman Avestimehr⇤, Sreeram Kannan†, and Pramod Viswanath‡
⇤University of Southern California

†University of Washington
‡University of Illinois at Urbana-Champaign

Abstract
Today’s blockchains do not scale in a meaningful sense. As more nodes join the system, the efficiency of the system

(computation, communication, and storage) degrades, or at best stays constant. A leading idea for enabling blockchains to scale
efficiency is the notion of sharding: different subsets of nodes handle different portions of the blockchain, thereby reducing the load
for each individual node. However, existing sharding proposals achieve efficiency scaling by compromising on trust - corrupting
the nodes in a given shard will lead to the permanent loss of the corresponding portion of data. We observe that sharding is similar
to replication coding, which is known to be inefficient and fragile in the coding theory community. In this paper, we demonstrate
a new protocol for coded storage and computation in blockchains. In particular, we propose PolyShard: “polynomially coded
sharding” scheme that achieves information-theoretic upper bounds on the efficiency of the storage, system throughput, as well
as on trust, thus enabling a truly scalable system. We provide simulation results that numerically demonstrate the performance
improvement over state of the arts, and the scalability of the PolyShard system. Finally, we discuss potential enhancements,
and highlight practical considerations in building such a system.

I. INTRODUCTION

Blockchain systems, which maintain a distributed trusted ledger and can do finite-state computations, can execute a wide
range of programs in a trust-free setting. This has promised a host of new and exciting applications in various areas including
digital cryptocurrency [1], industrial IoT [2], and healthcare management [3]. However, to enable these applications, we need
blockchain systems that scale well with the number of participating nodes [4]. The scalability is with respect to three important
performance metrics: the throughput - measured as the number of transactions verified in a distinct period of time, the storage
efficiency - measured as the maximum size of the blockchain that can be handled by nodes with fixed storage sizes, and the
security - measured as the number of malicious nodes the system can tolerate. By scalable, we mean that all these three metrics
should improve as the number of nodes N increases; this is a remarkably high expectation – state of the art scaling solutions
[5]–[9] expect performance metrics to not get worse (at best) as the number of nodes N increases.

Scalability has been one of the greatest challenges faced by current blockchain systems like Bitcoin [1] and Ethereum [10]. For
example, Bitcoin presently restricts its block size to 1 MB, and processing rate to 7 transactions/sec [11], inherently restricting
the throughput. The main reason that hinders these conventional technologies from scaling is that their key underpinning
storage and computation methods involve full replication: Each network node stores the entire blockchain and replicates all
the computations (verifications).

This feature gives a full replication system high security (of tolerating 49% adversarial nodes). But the storage efficiency
and throughput of the system is compromised: They stay constant regardless of the network size. In practice, the computational
burden even increases with the number of nodes (e.g., mining puzzles get harder as time progresses and more users participate),
causing the throughput to drop.

However, such a trade-off is far from optimal from information theoretical point of view. Given the N⇥ computation and
N⇥ storage resources across all the N network nodes, the following information-theoretic upper bounds hold:

security  ⇥(N); throughput  ⇥(N); storage efficiency  ⇥(N).

It is intuitive that these bounds can be simultaneously achieved by a centralized system, allowing all the 3 metrics to scale.
If a carefully designed decentralized system can provide the same scalability, this would represent a significant progress over
full replication and signal true scalability of blockchains – as more nodes participate in the system, all-round performance
improves. Such are the goals of this paper.

To close this gap, the leading solution being discussed in the blockchain literature is via sharding [7]–[9]. The key idea
is to break up (or “shard”) the blockchain into fragments which are then replicated. This way, both storage and computation
requirements are reduced by a factor equal to the number of shards K. However, in order to allow storage and throughput to
scale linearly with N , the number of nodes q = N

K
participating in a shard has to be held constant. Consequently, an attacker

only needs to control as less as q/2 nodes to compromise a shard, yielding a security level of q/2, which approaches zero
with increasing N . Although various efforts have been made to alleviate this security issue (e.g., by periodically shuffling the
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Fig. 1: Blockchain, conventional sharding and Polyshard.

nodes [8]), they are susceptible to powerful adversaries (e.g., who can corrupt the nodes after the shuffling), yet none achieves
security scalability.

In summary, both full replication and sharding based blockchain systems make trade-offs between the scalability of
throughput, storage efficiency, and security. A widely open fundamental question is thus:

Is there a blockchain design that simultaneously scales storage efficiency, security, and throughput?

In this paper, we answer this question affirmatively by introducing the concept of coded sharding. In particular, we propose
PolyShard (polynomially coded sharding), a scheme that simultaneously scales throughput, storage efficiency, and security
by ⇥(N). We show mathematically that Polyshard achieves all three information-theoretic upper bounds and enables a
truly scalable blockchain system. (Table I)

TABLE I: Performance comparison of the proposed PolyShard verification scheme with other benchmarks and the information-theoretic
limits.

Storage efficiency Security Throughput

Full replication O(1) ⇥(N) O(1)

Sharding ⇥(N) O(1) ⇥(N)

Information-theoretic limit ⇥(N) ⇥(N) ⇥(N)

PolyShard (this paper) ⇥(N) ⇥(N) ⇥(N)

PolyShard is inspired by recent developments in coded computing [12]–[20], in particular Lagrange Coded Computing [20],
which provides a transformative framework for injecting computation redundancy in unorthodox coded forms in order to deal
with failures and errors in distributed computing. The key idea behind PolyShard is that instead of storing and processing a
single uncoded shard as in convention, each node stores and computes on a coded shard of the same size that is generated by
linearly mixing uncoded shards, using the well-known Lagrange polynomial. This coding provides computation redundancy
to simultaneously provide security against erroneous results from malicious nodes, which is enabled by noisy polynomial
interpolation techniques (e.g., Reed-Solomon decoding). The illustration in Fig. 1 compares and contrasts Polyshard, sharding
and regular storage approaches in blockchains. The dark circles correspond to nodes, above which the stored blockchain is
shown. The different colors in the second row correspond to distinct shards, and Polyshard mixes the shards (colors) .

While coding is generally applicable in many distributed computing scenarios, the following two salient features make
PolyShard particularly suitable for blockchain systems.

• Oblivious: The coding strategy applied to generate coded shards is oblivious of the verification function. That means, the
same coded data can be simultaneously used for multiple verification items (examples: digital signature verification and
balance verification in a payment system);

• Incremental: PolyShard allows each node to grow its local coded shard by coding over the newest verified blocks,
without needing to access the previous ones. This helps to maintain a constant coding overhead as the chain grows.



Application	to	Private	Machine	Learning:	
CodedPrivateML	



Setting	

•  Train	a	logistic	(or	linear)	
regression	model	

•  Any	collusions	between	up	to	T	
from	N	workers	reveals	no	
information	about	training	data	
and	the	model	

How	to	offload	the	training	task	to	a	distributed	platform	
while	keeping	the	dataset	and	model	private?	

…	
worker	1	 worker	N	

T	colluding	workers	



Drawbacks:	

•  Trades	accuracy	with	privacy:	
Stronger	privacy	requires	more	noise	

•  Doesn’t	provide	strong	privacy	

•  Protects	only	the	privacy	of	
personally	identifiable	information	
(removal	of	one	data	point	does	not	
change	the	model	significantly)		

Potential	Approach	1	

[Chaudhuri-Monteleoni 09, Abadi et al. 
16, McMahan et al. 18, Rajkumar-
Agarwal 12, Jayaraman et al. 18] 

Differential Privacy: Mainly used when model is to be released to public 

training 

released model 

X 

X+Z 



Drawbacks:	

•  Privacy	based	on	computational	
assumptions	(as	opposed	to	
information-theoretic)	

•  Computations	in	encrypted	domain	
•  Orders	of	magnitude	slowdown	

(training	on	MNIST	data	takes	~2	
hours)	

Potential	Approach	2	

[Gilad-Bachrach et al. 16; Hesamifard et 
al. 17, Graepel et al. 12, Kim et al. 18, 
Wang et al. 18, Han et al. 19] 

training 

encrypted data 

encryption 

Homomorphic Encryption 



Drawbacks:	

•  Extensive	communication	between	
parties	that	limits	scalability	

•  No	benefits	from	parallelization	

•  Computation	load	at	each	party	is	as	
high	as	training	centrally	

Potential	Approach	3	

[Mohassel-Zhang 17, Nikolaenko et al. 13, 
Gascon et al. 17, Dahl et al. 18, Chen et 
al. 19, Mohassel-Rindal]  

Secure Multi-Party Computing (MPC) 

training 

secret shared data 

Shamir’s secret sharing 



Problem	Setting	

… 

master 

worker 1 worker N 

Dataset: X = (X1, . . . ,XK)
y

Training logistic regression C(w)

Master offloads computationally-
intensive operations (gradient 
computations) to N workers 



Problem	Setting	

… 

master 

worker 1 worker N 

Information-theoretic privacy 
guarantee for both the data and 
the model.  

T colluding workers 

Dataset: X = (X1, . . . ,XK)

eX1, fW(t)
1

eXN , fW(t)
N

I(X; eXT , {fW (t)
T }t2[J]) = 0, 8T ⇢ [N ], |T |  T,

y



Secret sharing of the 
dataset 

Local computation at 
the workers 

Decoding and model 
update 

master 

worker 1 worker N 

… 

Secret sharing of 
model parameters 

Until 
convergence 

master 

Overview	of	CodedPrivateML	

X = (X1, . . . ,XK)

y

eX1, fW(t)
1

eXN , fW(t)
N

fW (t+1)



Key	properties.		
•  Privacy	preserving	
•  Enabling	fast	and	accurate	computations	on	secret	shares	
	

Step	1:	Quantization.		

Use	quantization	to	convert	between	real	&	finite	domains	

•  Quantized	dataset:								(deterministic	rounding	of						)	

•  Quantized	weights:		

independent stochastic quantizations of           
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w(t)

W
(t)

= [w(t),1, . . . ,w(t),r]



Use Lagrange coding for 
secret sharing the dataset 
and model parameters. 

Step 2: Lagrange encoding.  

Lagrange interpolation 
polynomial:   

u(z) ,
X

j2[K]

Xj ·
Y

k2[K+T ]\{j}

z � �k

�j � �k

+
K+TX

j=K+1

Zj ·
Y

k2[K+T ]\{j}

z � �k

�j � �k
.
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the amount of download from each server to the naturally
occurring delays in the system. Specifically, we cluster the
workers in the system according to the expected computation
times, and have workers in the same cluster operate on the
same encoded data. By allowing the functions that are applied
in each cluster to differ, it is shown that the decoding can be
completed once sufficient information has arrived from each
cluster, regardless of the internal delays within that cluster.

This paper is structured as follows. Preliminary background
on LCC and UDMs is given in Section II, and our contribu-
tions are formally stated in Section III. The former extension
of LCC is given in Section IV, and the latter in Section V.
Omitted technical details are readily available online [11].

II. PRELIMINARIES

We use the standard notation [N ] for the set {1, . . . , N},
denote the underlying field1 by F, and denote the composition
operation between polynomials by �.

We consider a system with a master node and N workers,
in which a dataset X = (x1, . . . , xK), with xk 2 FM⇥1 for
every k 2 [K], is coded as x̃1, . . . , x̃N , and each codeword
symbol x̃n is stored in one of the N workers. The master node
is interested in the computation results {y

k
, f(xk)}k2[K]

for a polynomial f = (f1, . . . , fL), where f` : FM ! F for
all ` 2 [L] and G , max{deg(f`)}`2[L]. To achieve this, f
is applied by the workers on their stored data, and the results
of the computation {ỹ

n
= f(x̃n)}n2[N ] on the codeword

symbols are transmitted back to the master. Many tasks which
are studied in coded computation fall under this framework,
including matrix multiplication, and gradient coding whenever
the loss function is a polynomial, or is approximated by one.

For integers A and S, a coding scheme is said to be S-
resilient and A-secure if the master is capable of extract-
ing {y

k
}k2[K], even if up to S workers fail to respond in a

timely manner, and up to A workers reply with purposefully
erroneous data. In addition, for an integer T the scheme is
called T -private if every set of T colluding workers remain
information-theoretically oblivious to the content of X, i.e.,
if I({x̃t}t2T ;X) = 0 for every T ✓ [N ] of size at most T ,
where I denotes mutual information, and X is seen as chosen
uniformly at random.

In Section V, it is further assumed that the results
of the computation on the coded data ỹ

n
= f(x̃n) =

(f1(x̃n), . . . , fL(x̃n)), from every worker n 2 [N ], arrive at
the master sequentially. That is, f1(x̃n) arrives, followed by
f2(x̃n), and so on. In addition, we allow the polynomial f

itself to be coded, and the encoding can potentially differ
from one worker to another. That is, each worker n 2 [N ]
corresponds to L polynomials hn,1, . . . , hn,L, each of which
is a linear combination of the polynomials {f`}`2[L].

A. Lagrange Coded Computing
Lagrange Coded Computing [19] follows the outline that is

described above, and achieves resiliency, security, and privacy
that is known to be optimal in many cases. LCC relies heavily
on the Lagrange polynomial, as follows.

Given the data matrix X, fix K distinct elements � =
(�1, . . . ,�K) and additional N distinct elements ↵ =
(↵1, . . . ,↵N ) in F. By using the well-known Lagrange in-
terpolation formula, define u = uX,� as the lowest degree
polynomial such that u(�k) = xk for every k 2 [K]. Notice

1Our techniques operate over any large enough finite field or any infinite
one.

u(z)

↵1 �1
↵2 �2

↵N �K

X1

X2

XK

eX1 eX2
eXN

Fig. 1. Illustration of LCC. Following the computation, worker n 2 [N ]
holds ỹn, which is an evaluation of f � u at ↵n. The results of the
computation {yk}k2[K] are obtained by interpolating f�u from {ỹn}n2[N ],
and evaluating it at �1, . . . ,�K .

that u is in fact a vector of polynomials, but we refer to it as
a polynomial for simplicity. It is well known that the degree
of u (or more precisely, the degree of every component of u)
is at most K�1. Then, in the storage phase, the polynomial u
is evaluated at ↵n and the evaluation is sent to worker n, i.e.,
x̃n = u(↵n) for every n 2 [N ].

In the computation phase, every worker applies the poly-
nomial f on its stored data, and sends the results back to
the master. Since x̃n = u(↵n), it follows that f(x̃n) is an
evaluation at ↵n of the univariate polynomial f � u, whose
degree is at most G(K � 1). Hence, since u(�k) = xk for
every k 2 [K], it follows that the results of the computa-
tion {y

k
}k2[K] can be obtained by decoding the coefficients

of f � u, and evaluating it at �1, . . . ,�K (see Figure 1).
Moreover, whenever there exists a privacy requirement (i.e.,

when T > 0 and F is finite), the data matrix X is padded
with T random entries T = (t1, . . . , tT ) 2 FM⇥T . The user
fixes � = (�1, . . . ,�K+T ) and ↵ such that {�k}k2[K] \
{↵n}n2[N ] = ?, and defines u = uX|T,� as the unique
polynomial such that u(�k) = xk for every k 2 [K]
and u(�K+t) = tt for every t 2 [T ]. Then, the encoding
is performed by evaluating u at the points of ↵, and we have
the following theorem.

Theorem 1. [19] Lagrange Coded Computing provides
an S-resilient, A-secure, and T -private scheme for com-
puting {y

k
}k2[K] for any polynomial f , as long as N �

(K + T � 1)G+ S + 2A+ 1.

Remark 1. LCC has additional applications in obtaining
another aspect of information-theoretic privacy. In the so-
called function-privacy, the identity of the polynomial f

should be kept private from sets of colluding servers. This
problem, that is also known as Private Computation [14],
is a generalization of the well-studied Private Information
Retrieval problem, and is studied in [9].

B. Universally Decodable Matrices
Universally Decodable Matrices (UDMs) have been studied

in the past for various applications, such as slow-fading
channels [15], and decoding of scalar codes in the presence of
stragglers [8]. They are tightly connected to various previously
defined notions, such as m-codes [12], and their correspond-
ing metric was thoroughly studied in [1].

Definition 1. For integers L and P , matrices B1, . . . ,BP 2
FL⇥L are called UDMs if for every nonnegative inte-
gers n1, . . . , nP that sum to L, the following matrix is
invertible–

(b1,1, . . . , b1,n1 , b2,1, . . . , b2,n2 , . . . , bP,1, . . . , bP,nP ), (1)

where bi,j is the j’th column of Bi, indexed from left to right.

α1 α2 αN· · ·

u(αN ) ! X̃N

X̃NX̃1 X̃2

worker 1 worker 2 worker N

u(α2) ! X̃2
u(α1) ! X̃1

1 

α1 α2 αN· · ·

u(αN ) ! X̃N

X̃NX̃1 X̃2

worker 1 worker 2 worker N

u(α2) ! X̃2
u(α1) ! X̃1

N 



Comparison	with	MPC	

•  Secure/Private multi-party computing (MPC) also aims at solving the same problem 

•  Shamir’s secret sharing scheme is commonly used for private data sharing (e.g., BGW scheme) 

Pi(z) = Xi + Zi,1z + . . .+ Zi,T z
T

P1(↵1)

PK(↵1)

...

P1(↵N )

PK(↵N )

...
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tion (e.g., [?, ?, ?, ?]), gradient computation in gradient
descent algorithms (e.g., [?, ?, ?]), communication re-
duction via coding (e.g., [?, ?, ?, ?]), and secure and
private computing (e.g., [?, ?]).

LCC recovers several previously studied results as spe-
cial cases. For example, setting f to be the identity
function and V = U reduces to the well-studied case of
distributed storage, in which Theorem ?? is well known
(e.g., the Singleton bound [?, Thm. 4.1]). Further,
as previously mentioned, f can correspond to matrix-
vector and matrix-matrix multiplication, in which the
special cases of Theorem ?? are known as well [?, ?].

More importantly, LCC improves and generalizes these
works on coded computing in a few aspects: Generality–
LCC significantly generalizes prior works to go beyond
linear and bilinear computations that have so far been
the main focus in this area, and can be applied to arbi-
trary multivariate polynomial computations that arise
in machine learning applications. In fact, many specific
computations considered in the past can be seen as
special cases of polynomial computation. This includes
matrix-vector multiplication, matrix-matrix multipli-
cation, and gradient computation whenever the loss
function at hand is a polynomial, or is approximated
by one. Universality–once the data has been coded,
any polynomial up to a certain degree can be computed
distributedly via LCC. In other words, data encoding
of LCC can be universally used for any polynomial
computation. This is in stark contrast to previous task
specific coding techniques in the literature. Further-
more, workers apply the same computation as if no
coding took place; a feature that reduces computational
costs, and prevents ordinary servers from carrying the
burden of outliers. Security and Privacy–other than
a handful of works discussed above, straggler mitiga-
tion (i.e., resiliency) has been the primary focus of the
coded computing literature. This work extends the
application of coded computing to secure and private
computing for general polynomial computations.

Providing security and privacy formultiparty computing

(MPC) and Machine Learning systems is an extensively
studied topic which addresses a problem setting sim-
ilar to LCC. To illustrate the significant role of LCC
in secure and private computing, let us consider the
celebrated BGW MPC scheme [?]. 7

Given inputs {Xi}Ki=1, BGW first uses Shamir’s scheme
[?] to encode the dataset in a privacy-preserving man-
ner as Pi(z) = Xi+Zi,1z+. . .+Zi,T zT for every i 2 [K],
where Zi,j ’s are i.i.d uniformly random variables and

7
Conventionally, the BGW scheme operates in a multi-

round fashion, requiring significantly more communication

overhead than one-shot approaches. For simplicity of com-

parison, we present a modified one-shot version of BGW.

BGW LCC
Complexity
per worker K 1
Frac. data
per worker 1 1/K
Randomness KT T
Min. num.
of workers deg(f)(T + 1) deg(f)(K + T � 1) + 1

Table 1: Comparison between BGW based designs and
LCC. The computational complexity is normalized by
that of evaluating f ; randomness, which refers to the
number of random entries used in encoding functions,
is normalized by the length of Xi.

T is the number of colluding workers that should be
tolerated. The key distinction between the data encod-
ing of BGW scheme and LCC is that we instead use
Lagrange polynomials to encode the data. This results
in significant reduction in the amount of randomness
needed in data encoding (BGW needs KT zi,j ’s while
as we describe in the next section, LCC only needs T
amount of randomness).

The BGW scheme will then store {Pi(↵`)}i2[K] to
worker ` for every ` 2 [N ], given some distinct val-
ues ↵1, . . . ,↵N . The computation is then carried out
by evaluating f over all stored coded data at the nodes.
In the LCC scheme, on the other hand, each worker `
only needs to store one encoded data (X̃`) and compute
f(X̃`). This gives rise to the second key advantage of
LCC, which is a factor of K in storage overhead and
computation complexity at each worker.

After computation, each worker ` in the BGW scheme
has essentially evaluated the polynomials {f(Pi(z))}Ki=1

at z = ↵`, whose degree is at most deg(f) · T . Hence,
if no straggler or adversary appears (i.e, S = A = 0),
the master can recover all required results f(Pi(0))’s,
through polynomial interpolation, as long as N �
deg(f) ·T +1 workers participated in the computation8.
Note that under the same condition, LCC scheme re-
quires N � deg(f) · (K+T � 1)+1 number of workers,
which is larger than that of the BGW scheme.

Hence, in overall comparison with the BGW scheme,
LCC results in a factor of K reduction in the amount of
randomness, storage overhead, and computation com-
plexity, while requiring more workers to guarantee the
same level of privacy. This is summarized in Table ??.9

8
It is also possible to use the conventional multi-round

BGW, which only requires N � 2T + 1 workers to ensure

T -privacy. However, multiple rounds of computation and

communication (⌦(log deg(f)) rounds) are needed, which

further increases its communication overhead.
9
A BGW scheme was also proposed in [?] for secure

MPC, however for a substantially di↵erent setting. Sim-

ilarly, a comparison can be made by adapting it to our

setting, leading to similar results, which we omit for brevity.

P1(↵1)

PK(↵1)

...

P1(↵N )

PK(↵N )

...

X̃1 = u(↵1) X̃2 = u(↵2) X̃3 = u(↵3) X̃4 = u(↵4) X̃5 = u(↵5) X̃6 = u(↵6) X̃7 = u(↵7)

BGW 

LCC 



Compute 

Challenge: Lagrange encoding is designed for polynomial computations, but logistic 
regression includes non-polynomial computations due to the sigmoid function  

Step 2: Lagrange encoding.  

f(eX1, fW(t)
1 ), . . . , f(eXN , fW(t)

N )

α1 α2 αN· · ·

X̃N

X̃NX̃1 X̃2

worker 1 worker 2 worker N

X̃2
X̃1

W̃(t)
1

W̃(t)
2

W̃(t)
N

W̃(t)
NW̃(t)

2W̃(t)
1

Model parameters encoded similarly 
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§  Approximate	the	sigmoid	with	a	polynomial	function.		

Step 3: Polynomial Approximation.  

ĝ(z) =
rX

i=0

ciz
i

Secret	Sharing	of	the	Dataset	and	Model	Parameters	



Worker                locally computes
       

 

and sends the result to master 

Local	Computation	at	the	Workers	

f(eXi, fW(t)
i ) = eXT

i ĝ(eXi, fW(t)
i )

… 

master 

worker 1 worker N 
i 2 [N ]

f(eXN , fW(t)
N )f(eX1, fW(t)

1 )



Decoding	and	Model	Update	

After	receiving	the	results	from	a	sufficient	number	of	workers,	master:	

§  decodes	the	local	gradients	using	polynomial	interpolation	
§  aggregates	the	local	gradients		
§  converts	the	result	to	real	domain	
§  updates	the	model	

α1 α2 αN· · ·

f(X̃N ,W̃(t)
N )

f(X̃2,W̃
(t)
2 )

f(X̃1,W̃
(t)
1 )

master 

�1

? 

gradient of  

batch 1 

? 
gradient of batch K 

�K
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Decoding and model 
update 
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worker 1 worker N 

… 

Secret sharing of 
model parameters 

Until 
convergence 

master 
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X = (X1, . . . ,XK)

y

eX1, fW(t)
1

eXN , fW(t)
N

fW (t+1)



Convergence	and	Privacy	Guarantees	

Theorem. For the distributed training of a logistic regression 
model with N workers, given a dataset                                 , 
CodedPrivateML guarantees:

(Convergence)          converges to         ,

(Privacy)       remains information-theoretically private 
against any T colluding workers, 

as long as 

X

w(t) w(⇤)

X = (X1, . . . ,XK)

N � (2r + 1)(K + T � 1) + 1.

I(X; eXT , {fW (t)
T }t2[J]) = 0, 8T ⇢ [N ], |T |  T,



Privacy–Parallelization	Trade-off	
Given	N	workers,	CodedPrivateML	can	achieve	any	K	and	T,	as	long	
as:		

	

N ≥ (2r +1)(K +T −1)+1

Parallelization increases with K: 
Computation load at each worker is 
proportional to 1/K-th of processing 
the entire dataset 

Privacy increases with T: 
Dataset remains private against 
T colluding workers 

… 
worker 1 worker N 

T colluding workers 



Experiments	

•  Implementation	on	Amazon	EC2	Cloud		

•  Binary	image	classification	on	the	MNIST	dataset	

•  CodedPrivateML	vs.	secure	MPC	applied	to	our	problem	

•  MPC-based	scheme:	BGW	protocol	[Ben-Or	et	al.	’88]	

–  similar	privacy	structure	(T	out	of	N)	

–  information-theoretic	privacy	
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Figure 2. Performance gain of CodedPrivateML over the MPC-
based scheme. The plot shows the total training time for accuracy
95.04% (25 iterations) for different number of workers N in Ama-
zon EC2 Cloud Platform.

Table 1. Breakdown of the total run time with N = 40 workers.

Protocol Encode Comm. Comp. Total run
time (s) time (s) time (s) time (s)

MPC approach 845.55 49.51 3457.99 4304.60
CodedPrivateML (Case 1) 50.97 3.01 66.95 126.20
CodedPrivateML (Case 2) 90.65 6.45 110.97 222.50

CodedPrivateML parameters. There are several system
parameters in CodedPrivateML that should be set. Given
that we have a 64-bit implementation, we select the field
size to be p = 15485863, which is the largest prime with
24 bits to avoid the overflow on intermediate multiplication.
We then optimize the quantization parameters, lx in (6)
and lw in (9), by taking into account the trade-off between
the rounding and overflow error. In particular, we choose
lx = 2 and lw = 4. We also need to set the parameter r,
the degree of the polynomial for approximating the sigmoid
function. We consider both r = 1 and r = 2 and as we show
later empirically observe that a degree one approximation
provides very good accuracy. We finally need to select T
(privacy threshold) and K (amount of parallelization) in
CodedPrivateML. As stated in Theorem 1, these parameters
should satisfy N � (2r + 1)(K + T � 1) + 1. Given our
choice of r = 1, we consider two cases:

• Case 1 (maximum parallelization). All resources to
parallelization by setting K = bN�1

3 c and T = 1,

• Case 2 (equal parallelization and privacy). The re-
sources are split equally by setting K = T = bN+2

6 c,

Training time. In the first set of experiments, we measure
the training time while increasing the number of workers
N gradually. The results are demonstrated in Figure 2. We
make the following observations. 2

• CodedPrivateML provides substantial speedup over the
MPC approach, in particular, up to 34.1⇥ and 19.4⇥

2For N = 5, all schemes have almost same performance be-
cause they use same system parameters, K = T = 1.

Figure 3. Comparison of the accuracy of CodedPrivateML
(demonstrated for Case 2 and N = 40 workers) vs conventional
logistic regression that uses the sigmoid function without quanti-
zation. Accuracy is measured with MNIST dataset restructured
for binary classification problem between 3 and 7 (using 12396
samples for the training set and 2038 samples for the test set).

speedup in Cases 1 and 2, respectively. The break-
down of the total run time for one scenario is shown
in Table 1. One can note that CodedPrivateML pro-
vides significant improvement in all three categories
of dataset encoding and secret sharing; communica-
tion time between the workers and the master; and
computation time. One reason for this is that, in MPC-
based schemes, size of the secret shared dataset at each
worker is the same as the original dataset, while in
CodedPrivateML it is 1/K-th of the dataset. This pro-
vides a large parallelization gain for CodedPrivateML.
The other reason is the communication complexity of
MPC-based schemes. We provide the results for more
scenarios in Appendix A.6 of supplementary material.

• We note that the total run time of CodedPrivateML
decreases as the number of workers increases. This
is again due to the parallelization gain of CodedPri-
vateML (i.e., increasing K while N increases). This
parallelization gain is not achievable in MPC-based
scheme, since the whole computation has to be re-
peated by all players who take part in MPC. We should
however point out that MPC-based scheme could at-
tain a higher privacy threshold (T = N/2� 1), while
CodedPrivateML can achieve T = bN+2

6 c (Case 2).

Accuracy. We also examine the accuracy and convergence
of CodedPrivateML in the experiments. Figure 3 illustrates
the test accuracy of the binary classification problem be-
tween digits 3 and 7. With 25 iterations, the accuracy
of CodedPrivateML with degree one polynomial approx-
imation and conventional logistic regression are 95.04%
and 95.98%, respectively. This result shows that CodedPri-
vateML guarantees almost the same level of accuracy, while
being privacy preserving. Our experiments also show that
CodedPrivateML achieves convergence with comparable
rate to conventional logistic regression. Those results are
provided in Appendix A.6 in the supplementary materials.

Training for 95.04% accuracy (25 iterations) 

Case 1 (maximum parallelization): 
All resources to parallelization 

 

Case 2 (equal parallelization and 
privacy): Resources split equally 

 

K = (N −1) / 3⎢⎣ ⎥⎦,  T =1

K = T = (N + 2) / 6⎢⎣ ⎥⎦
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Figure 2. Performance gain of CodedPrivateML over the MPC-
based scheme. The plot shows the total training time for accuracy
95.04% (25 iterations) for different number of workers N in Ama-
zon EC2 Cloud Platform.

Table 1. Breakdown of the total run time with N = 40 workers.

Protocol Encode Comm. Comp. Total run
time (s) time (s) time (s) time (s)

MPC approach 845.55 49.51 3457.99 4304.60
CodedPrivateML (Case 1) 50.97 3.01 66.95 126.20
CodedPrivateML (Case 2) 90.65 6.45 110.97 222.50

CodedPrivateML parameters. There are several system
parameters in CodedPrivateML that should be set. Given
that we have a 64-bit implementation, we select the field
size to be p = 15485863, which is the largest prime with
24 bits to avoid the overflow on intermediate multiplication.
We then optimize the quantization parameters, lx in (6)
and lw in (9), by taking into account the trade-off between
the rounding and overflow error. In particular, we choose
lx = 2 and lw = 4. We also need to set the parameter r,
the degree of the polynomial for approximating the sigmoid
function. We consider both r = 1 and r = 2 and as we show
later empirically observe that a degree one approximation
provides very good accuracy. We finally need to select T
(privacy threshold) and K (amount of parallelization) in
CodedPrivateML. As stated in Theorem 1, these parameters
should satisfy N � (2r + 1)(K + T � 1) + 1. Given our
choice of r = 1, we consider two cases:

• Case 1 (maximum parallelization). All resources to
parallelization by setting K = bN�1

3 c and T = 1,

• Case 2 (equal parallelization and privacy). The re-
sources are split equally by setting K = T = bN+2

6 c,

Training time. In the first set of experiments, we measure
the training time while increasing the number of workers
N gradually. The results are demonstrated in Figure 2. We
make the following observations. 2

• CodedPrivateML provides substantial speedup over the
MPC approach, in particular, up to 34.1⇥ and 19.4⇥

2For N = 5, all schemes have almost same performance be-
cause they use same system parameters, K = T = 1.

Figure 3. Comparison of the accuracy of CodedPrivateML
(demonstrated for Case 2 and N = 40 workers) vs conventional
logistic regression that uses the sigmoid function without quanti-
zation. Accuracy is measured with MNIST dataset restructured
for binary classification problem between 3 and 7 (using 12396
samples for the training set and 2038 samples for the test set).

speedup in Cases 1 and 2, respectively. The break-
down of the total run time for one scenario is shown
in Table 1. One can note that CodedPrivateML pro-
vides significant improvement in all three categories
of dataset encoding and secret sharing; communica-
tion time between the workers and the master; and
computation time. One reason for this is that, in MPC-
based schemes, size of the secret shared dataset at each
worker is the same as the original dataset, while in
CodedPrivateML it is 1/K-th of the dataset. This pro-
vides a large parallelization gain for CodedPrivateML.
The other reason is the communication complexity of
MPC-based schemes. We provide the results for more
scenarios in Appendix A.6 of supplementary material.

• We note that the total run time of CodedPrivateML
decreases as the number of workers increases. This
is again due to the parallelization gain of CodedPri-
vateML (i.e., increasing K while N increases). This
parallelization gain is not achievable in MPC-based
scheme, since the whole computation has to be re-
peated by all players who take part in MPC. We should
however point out that MPC-based scheme could at-
tain a higher privacy threshold (T = N/2� 1), while
CodedPrivateML can achieve T = bN+2

6 c (Case 2).

Accuracy. We also examine the accuracy and convergence
of CodedPrivateML in the experiments. Figure 3 illustrates
the test accuracy of the binary classification problem be-
tween digits 3 and 7. With 25 iterations, the accuracy
of CodedPrivateML with degree one polynomial approx-
imation and conventional logistic regression are 95.04%
and 95.98%, respectively. This result shows that CodedPri-
vateML guarantees almost the same level of accuracy, while
being privacy preserving. Our experiments also show that
CodedPrivateML achieves convergence with comparable
rate to conventional logistic regression. Those results are
provided in Appendix A.6 in the supplementary materials.

CodedPrivateML: 95.04%   

Conventional logistic regression: 95.98%  

Convergence 
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p , this is achieved

by creating a random polynomial

Pi(z) = Xi +zRi1 + . . .+ zTRiT (38)

for each i 2 [K], where Rij for j 2 [T ] are i.i.d. uniformly
distributed random matrices. Then, each worker is assigned
a secret share of the dataset using the polynomial from (38).
We note that in this setup each worker receives a share for
every i 2 [K]. Therefore, the total amount of data stored
at each worker is equal to the size of the whole dataset
X. A similar polynomial is created for secret sharing the
quantized weights W

(t)
.

The workers then perform addition and multiplication oper-
ations on the secret shared data. For performing an addition
operation, each worker locally adds its own shares. At the
end of this phase, each worker will hold a secret share cor-
responding to the addition of the original variables. For
performing a multiplication operation, workers first mul-
tiply their shares locally. After this phase, the protocol
requires a communication step to take place between the
workers, in which workers create new shares. We implement
this communication phase also using the MPI4Py message
passing interface. One can reduce the number of commu-
nication rounds by using a vectorized form for operations
involving vector products, and implementing a communica-
tion step between workers after each vectorized product. In
our experiments, we implement this faster vectorized form.
The protocol guarantees privacy against bN�1

2 c colluding
workers (Ben-Or et al., 1988). In our experiments, the time
spent during the communication phase between workers is
included in the reported computation time.

A.6. Additional Experiments

A.6.1. BREAKDOWN OF THE TOTAL RUN TIME FOR
ADDITIONAL SCENARIOS

We present the breakdown of the run time when training is
done by different number of workers, using the dataset from
Section 5. Tables 2 and 3 demonstrate the corresponding
results for N = 10 and N = 25 workers, respectively. One
can note that, in all scenarios, CodedPrivateML provides
significant improvement in all three categories of dataset
encoding and secret sharing; communication time between
the workers and the master; and computation time.

Table 2. Breakdown of the total run time with N = 10 workers.

Protocol Encode Comm. Comp. Total run
time (s) time (s) time (s) time (s)

MPC-based scheme 53.87 11.71 957.12 1001.53
CodedPrivateML (Case 1) 21.86 3.31 259.54 303.13
CodedPrivateML (Case 2) 32.20 5.55 390.98 465.52

Table 3. Breakdown of the total run time with N = 25 workers.

Protocol Encode Comm. Comp. Total run
time (s) time (s) time (s) time (s)

MPC-based scheme 328.19 30.61 1492.44 1818.63
CodedPrivateML (Case 1) 33.27 3.06 97.46 144.77
CodedPrivateML (Case 2) 78.69 7.12 194.09 295.68

A.6.2. CONVERGENCE OF CODEDPRIVATEML

We also experimentally analyze the convergence behaviour
of CodedPrivateML. Figure 4 presents the cross entropy
loss for CodedPrivateML versus the conventional logistic
regression model, over the dataset from Section 5. The latter
setup uses the sigmoid function and no polynomial approxi-
mation, in addition, no quantization is applied to the dataset
or the weight vectors. We observe that CodedPrivateML
achieves convergence with comparable rate to conventional
logistic regression. This result shows that CodedPrivateML
guarantees almost the same convergence rate, while being
privacy preserving.

Figure 4. Convergence of CodedPrivateML (demonstrated for Case
2 and N = 40 workers) vs conventional logistic regression (using
the sigmoid without polynomial approximation or quantization).

A.6.3. EXPERIMENTS FOR A SMALLER DATASET

In this section, we demonstrate the performance of Coded-
PrivateML on a smaller dataset, by considering (m, d) =
(12396, 784). Figure 5 illustrates the training time while
increasing the number of workers N gradually. Tables 4-6
provide the breakdown of the run time for the training phase,
with 10, 25, and 40 workers, respectively.

Upon inspecting the performance gains from Tables 1-3 ver-
sus Tables 6-4, we conclude that CodedPrivateML achieves
a higher performance gain (from 26.2⇥ to 34.1⇥ when
N = 40) as the dimension of dataset gets larger. Our inter-
pretation of this behaviour is based on the following obser-
vation. Increasing the number of workers in the system has
two major impacts on the training time of CodedPrivateML.
The first one is reducing the computation load per worker,
as each new worker can be used to increase the parameter
K (i.e., the parallelization gain). This in turn reduces the



Conclusion	
•  Coded	computing	is	a	new	promising	approach	to	alleviate	key	bottlenecks	in	distributed	computing/

learning	
–  Latency	
–  Resiliency	
–  Security	and	privacy	
–  Bandwidth	consumption	(see	CodedMapReduce)	

•  Coded	Computing	can	be	applied	to	various	applications	in	distributed	learning,	fault	tolerant	
computing,	blockchains,	…	

•  There	are	many	exciting	research	problems	ahead	
–  Generalization	to	broader	class	of	computations	(significant	progress	made	in	Lagrange	coding)	
–  Multi-stage	and	iterative	computations	in	ML	
–  Heterogeneous	and	asymmetric	computations	
–  …	


